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Abstract

In perspective cameras, images of a frontal-parallel 3D
object preserve its aspect ratio invariant to its depth. Such
an invariance is useful in photography but is unique to per-
spective projection. In this paper, we show that alterna-
tive non-perspective cameras such as the crossed-slit or XS-
lit cameras exhibit a different depth-dependent aspect ra-
tio (DDAR) property that can be used to 3D recovery. We
first conduct a comprehensive analysis to characterize D-
DAR, infer object depth from its AR, and model recoverable
depth range, sensitivity, and error. We show that repeated
shape patterns in real Manhattan World scenes can be used
for 3D reconstruction using a single XSlit image. We also
extend our analysis to model slopes of lines. Specifically,
parallel 3D lines exhibit depth-dependent slopes (DDS) on
their images which can also be used to infer their depth-
s. We validate our analyses using real XSlit cameras, XSlit
panoramas, and catadioptric mirrors. Experiments show
that DDAR and DDS provide important depth cues and en-
able effective single-image scene reconstruction.

1. Introduction

A single perspective image exhibits scale ambiguity: 3D
objects of difference sizes can have images of an identical
size under perspective projection, as shown in Fig. 1. In
photography and architecture, the forced perspective tech-
nique employs this optical illusion to make an object ap-
pear farther away, closer, larger or smaller than its actual
size while preserving the aspect ratio. Fig. 2 shows an ex-
ample in the film “The Lord of the Rings” where characters
apparently standing next to each other would be displaced
by several feet in depth from the camera. For computer vi-
sion, however, such an invariance provides little help, if not
harm, to scene reconstruction.

Prior approaches on resolving the scale ambiguity range
from imposing shape priors [3, 10], extracting local de-
scriptors [16] to analyzing the vanishing points [13]. In
this paper, we approach the problem from a different an-
gle: we analyze aspect ratio changes of an object with re-
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Figure 1: Images of the same object lying at different depths
have an identical aspect ratio (AR) in a perspective camera
(Top) but have very different ARs in an XSlit image (Bot-
tom).

spect to its depth. Consider a frontal-parallel rectangle R
of size sp, X s, located d away from the sensor and d > f
where f is the camera’s focal length. Under perspective
projection, its image is an rectangle R’ similar to R of size
[s),,s4] = ﬁ[sh, $y]. This implies that the aspect ratio
r = 8,/sp, of R and R’ remain the same. The property
can termed as aspect-ratio invariance (ARI). ARI is an im-
portant property of perspective projection. ARI, however,
no longer holds under non-centric projections, exhibiting
depth-dependent aspect-ratio (DDAR).

In this paper, we explore DDAR in a special type of non-
centric cameras called the crossed-slit or XSlit camera [29].
Earlier work in XSlit imaging includes the pushbroom cam-
era used in satellite imaging and XSlit panoramas by stitch-
ing a sequence of perspective images. The General Lin-
ear Camera theory [28] has shown that the XSlit camera
is generic enough to describe a broad range of non-centric
cameras. In fact, pushbroom, orthographic and perspective
cameras can all be viewed as special XSlit entities. Geo-
metrically, an XSlit camera collects rays that simultaneous-
ly pass through two oblique (neither parallel nor coplanar)
slits in 3D space, in contrast to a pinhole camera whose rays
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Figure 2: The perspective trick used in the movie “The Lord
of the Rings”.

pass through a common 3D point. Ye et al.[27] has further
proposed a practical realization by relaying a pair of cylin-
drical lenses coupled with slit-shaped apertures.

We show that the XSlit camera exhibits DDAR that can
help resolve scale ambiguity. Consider two 3D rectangles of
an identical size lying at different depth with their images
being R; and R; respectively. Different from the pinhole
case, the AR of R; and R, will be different, as shown in
Fig. 1. We first develop a comprehensive analysis to char-
acterize DDAR in the XSlit camera. This derivation leads
to a simple but effective graph-cut based scheme to recov-
er object depths from a single XSlit image and an effective
formulation to model recoverable depth range, sensitivity,
and errors. In particular, we show how to exploit repeated
shape patterns exhibiting in real Manhattan World scenes to
conduct 3D reconstruction.

Our DDAR analysis can further be extended to model
the slopes of lines. Specifically, for parallel 3D lines of a
common direction, we show that as far as the direction is d-
ifferent from both slits, their projections will exhibit depth-
dependent slopes or DDS, i.e., the projected 2D lines will
have different slopes depending on their depths. DDS and
DDAR can be combined to further improve 3D reconstruc-
tion accuracy. We validate our theories and algorithms on
both synthetic and real data. For real scenes, we experi-
ment on different types of XSlit images including the ones
captured by the XSlit lens [27] and synthesized as stitched
panoramas [21]. In addition, our scheme can be applied to
catadioptric mirrors by modeling reflections off the mirrors
as XSlit images. Experiments show that DDAR and DDS
provide important depth cues and enable effective single-
image scene reconstruction.

2. Related Work

Our work is most related to Manhattan World reconstruc-
tion and non-centric imaging.

A major task of computer vision is to infer 3D geome-
try of scenes using as fewer images as possible. Tremen-
dous efforts have focused on recovering a special class of
scene called the Manhattan World (MW) [4]. MW is com-
posed of repeated planar surfaces and parallel lines aligned

with three mutually orthogonal principal axes and fits well
to many man-made (interior/exterior) environments. Under
the MW assumption, one can simultaneously conduct 3D
scene reconstruction [6, 10] and camera calibration [22].

MW generally exhibits repeated line patterns but lack-
s textures and therefore traditional stereo matching is less
suitable for reconstruction. Instead, prior-based modeling
is more widely adopted. For example, Furukawa et al. [10]
assign a plane to each pixel and then apply graph-cut on
discretized plane parameters. Other monocular cues such
as the vanishing points [5] and the reference planes (e.g. the
ground) have also been used to better approximate scene
geometry. Hoime et al. [12, | 1] use image attributes (color,
edge orientation, efc.) to label image regions with differ-
ent geometric classes (sky, ground, and vertical) and then
“pop-up” the vertical regions to generate visually pleasing
3D reconstructions. Similar approaches have been used to
handle indoor scenes [6]. Machine learning techniques have
also been used to infer depths from image features and the
location and orientation of planar regions [19, 20]. Lee et
al. [14] and Flint et al. [9] search for the most feasible com-
bination of line segments for indoor MW understanding.

Our paper explores a different and previously overlooked
properties of MW: the scene contains multiple objects with
an identical aspect ratio or size (e.g., windows) but lie at dif-
ferent depths. In a perspective view, these patterns will map
to 2D images of an identical aspect ratio. In contrast, we
show that the aspect ratio changes with respect to depth if
one adopts a non-centric or multi-perspective camera. Such
imaging models widely exist in nature, e.g., a compound in-
sect eye, reflections and refractions of curved specular sur-
faces, images seen through volumetric gas such as a mirage,
etc. Rays in these cameras generally do not pass through a
common CoP and hence do not follow pinhole geometry.
Consequently, they lose some nice properties of the per-
spective camera (e.g., lines no longer project to lines); at
the same time they also gain some unique properties such
as the coplanar common points [25], special shaped curves
[26], etc. In this paper, we focus on the depth-dependent
aspect ratio (DDAR) property for inferring 3D geometry.

The special non-centric camera we employ here is the
crossed-slit or XSlit camera. An XSlit camera collects rays
simultaneously passing through two oblique lines (slits) in
3D space. The projection geometry of an XSlit has been
examined in various forms in previous studies, e.g., as pro-
jection model in [29], as general linear constraints in [28],
and as ray regulus in [18]. For long the XSlit camera has
been restricted to a theoretical model as it is physically d-
ifficult to acquire ray geometry following the slit structure.
The only exception is the XSlit panoramas [23, 17] where
an XSlit panorama can be stitched from a translational se-
quence of images or more precisely a 3D light field [15].
Recently, Ye et al.[27] presented a practical XSlit camer-
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Figure 3: XSlit camera geometry: rays collected by the
camera should simultaneously pass through two slits at d-
ifferent depths.

a. Their approach relays two cylindrical lenses with per-
pendicular axes, each coupled with a slit shaped aperture to
achieve in-focus imaging.

3. Depth Dependent Aspect Ratio

We first analyze how aspect ratio of an object changes
with respect to its depth in an XSlit camera. We call this
property Depth-Dependent Aspect Ratio or DDAR.

3.1. XSlit Camera Geometry

A XSIlit camera collects rays that pass through two
oblique slits (neither coplanar nor parallel) simultaneous-
ly. For simplicity, we align the sensor plane to be paral-
lel to both slits and corresponds to the x-y plane. Such
a setup is consistent with the real XSlit design [27] and
the XSlit panoramas [29]. Further, we assume the origin
of the coordinate system corresponds to the intersection of
the two slits’ orthogonal projections on the sensor plane, as
shown in Fig. 3. The two slits lie at depth z; and 22 and
have angle #; and 65 w.r.t the z-axis, where zo > z; and
6, # 65. Under this setup, the z components along the two
slits are 0. And the z-y directions are v1[cos 61, sin 61] and
va|cos B, sin ] that spans R? space.

Previous approaches study projection using XSlit projec-
tion matrix [29], light field parametrization[28], and linear
oblique[17]. Since our analysis focuses on aspect ratio, we
introduce a simpler projection model analogous to pinhole
projection. Consider a 3D point p to p’. The process can be
described as follows: first decompose the x-y components
of p into two basis vectors, v1, vg and write it as [k, Ky, 2].
Next project individual component to [x,, k,]. Each com-
ponent can be viewed as pinhole projection as they are par-

allel to either slits. Finally obtain the mapping from p to
/

p.

We first represent p on the basis of vq and va

x
[y} = Kz V1 + KyVa2

We then project vy and k, V2 independently. Notice
the two components are at depth z. And k, vy is parallel
to slit 1 and k, vz is parallel to slit 2. Their projections
imitate the pinhole projection except that the focal lengths
are different:

22 <1

Ry, Ky = —
Z— Z9 zZ—z1

Rq, = — Ry (1)
Notice the XSlit mapping is linear, we can combine &,
and x,, to compute p’.

’
P = RKyVi + KyVa

Ky and k, are also the linear representations of p’ on
basis of vi and va.

3.2. Aspect Ratio Analysis

Equation 1 reveals that s, and k, are projected to
and k, with different scale on the two directions parallel to
the slits. In other words, with the change of depth, the ratio
will be change accordingly. Specifically, we can compute
the ratio as:

Ku  22(2 —21) Ky
o T L @
Ky  21(2 — 22) Ky

This is fundamentally different from the pin-
hole/perspective case where the ratio remains static
across depth. To understand why it is the case, recall that
the pinhole camera can be viewed as a special XSlit camera
where the two slits intersect, i.e., they are at the same depth
z1 = zo. In that case, Eqn. degenerates to kg /Ky = Ky /Ko,
i.e., the aspect ratio is invariant to depth.

For the rest of the paper, we use r, = ’Z—Z to represent
the base aspect ratio and r; = %Z represents the aspect ratio
after XSlit projection. From Eqn. 2, we can derive the depth
from the aspect ratio as:

_ 2122(ri — 7o)
21T — 22To

3)

Monotonicity: Given a fixed XSlit camera, Eqn. 3 reveals
that the AR monotonically decreases with respect to z. In
fact, we can compute the derivative of z with respect to r;:

0z z129(21 — 22)T0

“)

ori  (21rs — 2070)2
Since z; < z9, we have % < 0, i.e., the depth z decrease
monotonically with r;. In fact the minimum and the maxi-
mum ARs correspond to:
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min 22 max

i =100 = STt = Tilamz, =00 (5)
1

Depth Sensitivity: Another important property we ad-
dress here is depth sensitivity. We compute the partial
derivative of r; respect to z for z ranging from z; to oo
and we have:

87"1‘ o 22(21 — 22)

0z z1(z—2)2° ©)

The sensitivity is the absolute value of % and it de-
crease monotonically for z > z5. This implies that as ob-
jects get further away, the depth accuracy recoverable from
the AR also decreases. According to Eqn. 6, the sensitivity
is positively related to 22 and 21 — 2o. Farther separated slit-
s and greater ratio between two slits distances corresponds
to higher sensitivity. This phenomenon resembles classical
stereo matching using two perspective cameras where the
deeper the object, the smaller the disparity and the less ac-
curacy that stereo matching can produce.

Depth Range: We can further compute the maximum dis-
cernable depth 2™?*. To do so, we first compute r; when
z — oo as r{® = Zr, Next we change 77 with €, the
smallest ratio change that is discernable in image. We have
r{ = 271, + €. The lower bound of € is 1/L, L is the
image Wldth or height, without considering subpixel accu-

racy. Sine the depth changes monotonically with r;, the

maximum discernable depth is correspond to r;. Finally
we compute the depth use Eqn. 3:
2 To
max ——— _ _9 7
z o [21 4+ (22 — 21) c ] 7

Eqn. 7 indicates that the larger slit distance ratio i—f and
bigger separating distance of two slits zo — 21 correspond to
a larger discernable depth range.

4. Depth Inference from DDAR

Our analysis reveals that if we know 7, in prior, i.e., the
base aspect of the object, we can directly infer the object’s
depth from its aspect ratio in the XSlit camera. A typical
example is using an Parallel-Orthogonal XSlit camera (PO-
XSlit) to capture an up-right rectangle. In a PO-XSIlit cam-
era, the slits are orthogonal and axis aligned. In this case, 7,
directly corresponds to the aspect ratio of the rectangle and
r; corresponds to the observed AR of the project rectangle.

The simplest case is to capture a up-right square whose
aspect ratio r, = 1. From the AR change, we can directly
infer its depth using Eqn. 3. In practice, we do not know the
AR of the object in prior. However, many natural scenes

Cards with Shape Prior

Kk, =874
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Depth 111.4 cm 92.4 cm 61.5cm
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Figure 4: Depth-from-DDAR: Top shows a scene that con-
tains multiple cards of an identical but unknown size. Bot-
tom shows their recovered depths and original size using
our scheme from this single image.

contain (rectangular) objects of identical sizes (e.g., win-
dows of buildings) and we can infer their depth even with-
out knowing their ground truth AR.

Shape Prior Specifically, consider K rectangles of an i-
dentical but unknown sizes and hence ARs. Assume they
lie at different depths z7. According to Eqn. 1, we have two
equations for each rectangle:

J . _ J
K2+ 2oky = 2oK),
3

J5J - J
Kp2? + 21Ky = 21Ky,

Where j = 1..K, 27, K, and Ky are unknowns. And k,,
and k,, are computed from the image. For K identical rect-
angles, we have K + 2 unknowns and 2K equations. The
problem can be solved using SVD when two or more iden-
tical rectangles are present. Fig. 4 shows several examples
using our technique recovering depth of multiple cards of an
identical size. The depth along with the exact scale can be
extracted from a single XSlit image under the shape prior.

Depth Prior If the objects are of identical aspect ratios
but of different sizes, there is still ambiguity. According
to Eqn. 2, there are K equations and K + 1 unknowns (as-
sume K objects). One useful prior that can be imposed here
is the distribution of depth of objects. In real man-made en-
vironment, objects are likely to be evenly distributed. We
assume that these rectangles are with equal distance along
the z direction.

In this scenario/case, we obtain the AR equation for each
object:
i

. Z1 s .
2ro—rl =2z —ziry = =217,

22

j=1.K (9)
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Figure 5: Extending DDAR to DDS. Top: parallel 3D lines

map to 2D lines of different slopes in an XSlit image. Bot-
tom: the slopes can be used to infer the depths of the lines.
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Furthermore, the equal distance prior gives us the con-
straint 2/ — 2971 = 291 — 23 for j = 2...(K — 1). For K
objects in the scene, we have 2K — 2 equations, and K + 1
unknowns. The problem is determined if we have 3 rectan-
gles in the scene. And it’s over-determined if we have more
than 3 objects.

It is very important to note that inferring depth under the
same setting is not possible in the perspective camera case.
In pinhole image z; = z2 and r; = 7,, hence Eqn. 8 and
Eqn. 9 degenerate. As shown in the introduction, scaling
the scene and adjusting the distance from the scene to the
pinhole camera accordingly will result in a same projected
image as the ground truth scene dose.

4.1. Line Slope Analysis

Section 4 reveals that inferring depth from DDAR is that
we need to obtain some prior knowledge of either the base
AR 1, or the depth distribution of multiple identities. Fur-
ther, the rectangular shape needs to be in the up-right posi-
tion to align with the two slits. In this section, we extend the
AR analysis to study the slope of lines and we show that this
analysis leads to a more effective depth inference scheme.

We treat a line frontal parallel to the XSlit camera as the
diagonal of a parallelogram (rectangle in PO-XSIit case),
whose sides are along the two slits directions. Given a
line with slope s and a point py [z, y, 2] on it, then we have
po[z + 1,y + s, 2] of is on the line. We can map it to a line
with slope s’ on XSlit image, which p; and ps map to points
P (u,v) and ph(u + ¢,v + ¢s’) respectively. According to
definition of r,, we can decompose the segment p;-p, onto
two slits direction and take the ratio of the two component
to get 1!

ry = sin f — ssin 64 (10)
scos ] — cos Oy

r; is computed using Eqn. 10 too, only substitute s with
s'. Reuse Eqn. 3, we can get the depth.

Eqn. 10 and 3 reveals that we can directly infer the depth
of the line from its slope. Similar to the aspect ratio case,
such inference cannot be conducted in the pinhole camera
since the frontal parallel line slope is invariant to depth.

The analysis above applies only to lines parallel to XSlit
camera. For lines unparallel to the camera, previous studies
have shown that they map to curves, or more precisely hy-
perbolas [26]. However, our analysis can still be applied by
computing the tangent direction on the hyperbolas, where
each tangent direction can be mapped to a unique depth.
This can be viewed as approximating a line as piecewise
segments frontal-parallel to the camera where each segmen-
t’s depth can be computed from its projected slope. The
complete derivation is included in the supplementary mate-
rials.

4.2. Scene Reconstruction

Based on our theories, we present a new framework on
single-image Manhattan scene reconstruction using the XS-
lit camera. The main idea here is to integrate depth cues
from DDAR (for up-right rectangle objects) and from line
slopes (for other lines and rectangles) under a unified depth
inference framework. Further, the initial depth estimation
scheme can only infer depths on pixels lying on the bound-
aries of the objects, it is important to propagate the estima-
tion to all pixels in order to obtain the complete depth map.

Our approach is to first infer the depth for the lines or
repeat objects from DDAR. Next we cluster pixels into s-
mall homogenous patches or superpixels [8]. The use of
superpixels not only reduce the computational cost and but
also preserves consistency across the regions, i.e the pixels
in a homogeneous region such as walls of a building tend
to have a similar depth. Finally, we model optimal depth
estimation/propagtion as a Markov Random Field (MRF).
The initial depth value V; for superpixel \S; is computed by
blending the depths inferred from DDAR according to their
geodesic distance to S;. And then we the smooth out V'
based on distance variations and color consistency. This
procedure can be modeled as a Markov Random Field (M-
RF), where the data term: FE4(S;) = U; — V;. And the
smoothness term is: E;(S;, S;) = w;;(U; — U;), w;; is the
weight account for distance variations and color consisten-
cy. Finally we estimate the depth map U by optimizing the
energy function:

ZEd J+A D El(S,S;) A
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