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Abstract

This paper presents a framework for rigid point-set regi-

stration and merging using a robust continuous data rep-

resentation. Our point-set representation is constructed by

training a one-class support vector machine with a Gaus-

sian radial basis function kernel and subsequently approxi-

mating the output function with a Gaussian mixture model.

We leverage the representation’s sparse parametrisation

and robustness to noise, outliers and occlusions in an effi-

cient registration algorithm that minimises the L2 distance

between our support vector–parametrised Gaussian mix-

tures. In contrast, existing techniques, such as Iterative

Closest Point and Gaussian mixture approaches, manifest

a narrower region of convergence and are less robust to oc-

clusions and missing data, as demonstrated in the evalua-

tion on a range of 2D and 3D datasets. Finally, we present

a novel algorithm, GMMerge, that parsimoniously and eq-

uitably merges aligned mixture models, allowing the frame-

work to be used for reconstruction and mapping.

1. Introduction

Point-set registration, the problem of finding the trans-

formation that best aligns one point-set with another, is fun-

damental in computer vision, robotics, computer graphics

and medical imaging. A general-purpose point-set registra-

tion algorithm operates on unstructured point-sets and may

not assume other information is available, such as labels or

mesh structure. Applications include merging multiple par-

tial scans into a complete model [16]; using registration re-

sults as fitness scores for object recognition [2]; registering

a view into a global coordinate system for sensor localisa-

tion [22]; and finding relative poses between sensors [36].

The dominant solution is the Iterative Closest Point

(ICP) algorithm [3] and variants due to its conceptual sim-

plicity, usability and good performance in practice. How-

ever, these are local techniques that are very susceptible to

local minima and outliers and require a significant amount

of overlap between point-sets. To mitigate the problem of
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local minima, other solutions have widened the region of

convergence [14], performed heuristic global search [25],

used feature-based coarse alignment [24] or used branch-

and-bound techniques to find the global minimum [37].

Our method widens the region of convergence and is ro-

bust to occlusions and missing data, such as those arising

when an object is viewed from different locations. The

central idea is that the robustness of registration is de-

pendent on the data representation used. We present a

framework for robust point-set registration and merging us-

ing a continuous data representation, a Support Vector–

parametrised Gaussian Mixture (SVGM). A discrete point-

set is mapped to the continuous domain by training a Sup-

port Vector Machine (SVM) and mapping it to a Gaus-

sian Mixture Model (GMM). Since an SVM is parametrised

by a sparse intelligently-selected subset of data points, an

SVGM is compact and robust to noise, fragmentation and

occlusions [33], crucial qualities for efficient and robust

registration. The motivation for a continuous representation

is that a typical scene comprises a single, seldom-disjoint

continuous surface, which cannot be fully modelled by a

discrete point-set sampled from the scene.

Our Support Vector Registration (SVR) algorithm min-

imises an objective function based on the L2 distance be-

tween SVGMs. Unlike the benchmark GMM registration

algorithm GMMReg [17], SVR uses an adaptive and sparse

representation with non-uniform and data-driven mixture

weights, enabling faster performance and improving the ro-

bustness to outliers, occlusions and partial overlap.

Finally, we propose a novel merging algorithm, GM-

Merge, that parsimoniously and equitably merges aligned

mixtures. Merging SVGM representations is useful for ap-

plications where each point-set may contain unique infor-

mation, such as reconstruction and mapping. Our registra-

tion and merging framework is visualised in Figure 1.

2. Related Work

The large volume of work published on ICP, its variants

and other registration techniques precludes a comprehen-

sive list, however the reader is directed to recent surveys

on ICP variants [23] and 3D point-set and mesh registration
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Figure 1. Robust point-set registration and merging framework. An nD point-set is represented as an SVGM by training a one-class SVM

(a) and then mapping it to a GMM (b). The SVR algorithm is used to minimise the L2 distance between two SVGMs in order to align the

densities (c). Finally, the GMMerge algorithm is used to parsimoniously fuse the two mixtures. The SVMs are visualised as support vector

points scaled by mixture weight and the SVGMs are coloured by probability value. Best viewed in colour.

techniques [31] for additional background. Of relevance to

our work are extensions that improve its occlusion robust-

ness, such as trimming [6]. Local methods that seek to im-

prove upon ICP’s basin of convergence and sensitivity to

outliers include LM-ICP [14], which uses a distance trans-

form to optimise the ICP error without establishing explicit

point correspondences.

Another family of approaches, to which ours belongs, is

based on the Gaussian Mixture Model (GMM) and show

an improved robustness to poor initialisations, noise and

outliers. Notable GMM algorithms for rigid and non-rigid

registration include Robust Point Matching [7], using soft

assignment and deterministic annealing, Coherent Point

Drift [21], Kernel Correlation [32] and GMMReg [17]. The

latter two do not establish explicit point correspondences

and both minimise a distance measure between mixtures.

GMMReg [17] defines an equally-weighted Gaussian at ev-

ery point in the set with identical and isotropic covariances

and minimises the L2 distance between mixtures. The Nor-

mal Distributions Transform (NDT) algorithm [19] is a sim-

ilar method, defining Gaussians for every cell in a grid

discretisation and estimating full data-driven covariances,

like [34]. Unlike our method, however, it imposes external

structure on the scene and uses uniform mixture weights.

In contrast, globally-optimal techniques avoid local min-

ima by searching the entire transformation space. Existing

3D methods [18, 37] are often very slow or make restrictive

assumptions about the point-sets or transformations. There

are also many heuristic or stochastic methods for global

alignment that are not guaranteed to converge, such as parti-

cle filtering [25], genetic algorithms [29] and feature-based

alignment [24]. A recent example is SUPER 4PCS, a four-

points congruent sets method that exploits a clever data

structure to achieve linear-time performance [20].

The rest of the paper is organised as follows: we present

the SVGM representation, its properties and implementa-

tion in Section 3, we develop a robust framework for SVGM

registration in Section 4, we propose an algorithm for merg-

ing SVGMs in Section 5, we experimentally demonstrate

the framework’s effectiveness in Section 6 and we discuss

the results and conclude in Sections 7 and 8.

3. Adaptive Point-Set Representation

A central idea of our work is that the robustness of point-

set registration is dependent on the data representation used.

Robustness to occlusions or missing data, more so than

noise, is of primary concern, because point-sets rarely over-

lap completely, such as when an object is sampled from a

different sensor location. Another consideration is the class

of optimisation problem a particular representation admits.

Framing registration as a continuous optimisation problem

involving continuous density functions may make it more

tractable than the equivalent discrete problem [17]. Con-

sequently, we represent discrete point-sets with Gaussian

Mixture Models (GMMs). Crucially, we first train a Sup-

port Vector Machine (SVM) and then transform this into a

GMM. Since the output function of the SVM only involves

a sparse subset of the data points, the representation is com-

pact and robust to noise, fragmentation and occlusions [33],

attributes that persist through the GMM transformation.

3.1. One­Class Support Vector Machine

The output function of an SVM can be used to approxi-

mate the surface described by noisy and incomplete point-

set data, providing a continuous implicit surface represen-

tation. Nguyen and Porikli [33] demonstrated that this rep-

resentation is robust to noise, fragmentation, missing data

and other artefacts for 2D shapes, with the same behaviour
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expected in 3D. An SVM classifies data by constructing

a hyperplane that separates data of two different classes,

maximising the margin between the classes while allowing

for some mislabelling [10]. Since point-set data contains

only positive examples, one-class SVM [26] can be used to

find the hyperplane that maximally separates the data points

from the origin or viewpoint in feature space. The train-

ing data is mapped to a higher-dimensional feature space,

where it may be linearly separable from the origin, with a

non-linear kernel function.

The output function f(x) of one-class SVM is given by

f(x) =
ℓ
∑

i=1

αiK(xi,x)− ρ (1)

where xi are the point vectors, αi are the weights, x is the

input vector, ρ is the bias, ℓ is the number of training sam-

ples and K is the kernel function that evaluates the inner

product of data vectors mapped to a feature space. We use

a Gaussian Radial Basis Function (RBF) kernel

K(xi,x) = exp
(

−γ ‖xi − x‖2
2

)

(2)

where γ is the Gaussian kernel width.

The optimisation formulation in [26] has a parameter

ν ∈ (0, 1] that controls the trade-off between training error

and model complexity. It is a lower bound on the fraction of

support vectors and an upper bound on the misclassification

rate [26]. The data points with non-zero weights αSV
i are

the support vectors xSV
i ∈ {xi : αi > 0, i = 1, . . . , ℓ}.

We estimate the kernel width γ automatically for each

point-set by noting that it is inversely proportional to the

square of the scale σ. For an ℓ ×D point-set X with mean

x̄, the estimated scale σ̂ is proportional to the 2Dth root of

the generalised variance

σ̂ ∝

∣

∣

∣

∣

1

ℓ− 1
(X− 1x̄⊺)⊺(X− 1x̄⊺)

∣

∣

∣

∣

1/2D

. (3)

If a training set is available, better performance can be

achieved by finding γ using cross-validation, imposing a

constraint on the registration accuracy and searching in the

neighbourhood of 1/2σ̂2.

3.2. Gaussian Mixture Model Transformation

In order to make use of the trained SVM for point-set

registration, it must first be approximated as a GMM. We

use the transformation identified by Deselaers et al. [12] to

represent the SVM in the framework of a GMM, without

altering the decision boundary. A GMM converted from an

SVM will necessarily optimise classification performance

instead of data representation, since SVMs are discrimina-

tive models, unlike standard generative GMMs. This allows

it to discard redundant data and reduces its susceptibility to

varying point densities, which are prevalent in real datasets.

The decision function of an SVM with a Gaussian RBF

kernel can be written as

r(x) = argmax
k∈{−1,1}







ℓSV
∑

i=1

kαSV

i e−γ‖xSV

i
−x‖2

2 − kρ







(4)

where ℓSV is the number of support vectors and k is the

class, positive for inliers and negative otherwise for one-

class SVM. The GMM decision function can be written as

r′(x) = argmax
k∈{−1,1}

{

Ik
∑

i=1

p(k)p(i|k)N
(

x
∣

∣µki, σ
2

k

)

}

(5)

where Ik is the number of clusters for class k, p(k) is the

prior probability of class k, p(i|k) is the cluster weight of

the ith cluster of class k andN
(

x
∣

∣µki, σ
2

k

)

is the Gaussian

representing the ith cluster of class k with mean µki and

variance σ2

k, given by

N
(

x
∣

∣µki, σ
2

k

)

=
1

(2πσ2

k)
D/2

exp

(

−
‖x− µki‖

2

2

2σ2

k

)

. (6)

Noting the similarity of (4) and (5), the mapping

µki =

{

xSV
i if k = +1

0 else
(7)

σ2

k =

{

1/2γ if k = +1

N∞ else
(8)

φi = p(k)p(i|k) =

{

αSV
i (2πσ2

k)
D/2 if k = +1

ρ(2πσ2

k)
D/2 else

(9)

can be applied, where φi is the mixture weight, that is, the

prior probability of the ith component. The bias term ρ is

approximated by an additional density given to the nega-

tive class with arbitrary mean, very high variance N∞ and

a cluster weight proportional to ρ. We omit this term from

the registration framework because it does not affect the op-

timisation. The resulting GMM is parametrised by

G =
{

µi, σ
2, φi

}ℓSV

i=1
. (10)

While we transform an SVM into a GMM, there are

many other ways to construct a GMM from point-set

data. Kernel Density Estimation (KDE) with identically-

weighted Gaussian densities has frequently been used for

this purpose, including fixed-bandwidth KDE with isotropic

covariances [17, 13], variable-bandwidth KDE with non-

identical covariances [9] and non-isotropic covariance KDE

[34]. The primary disadvantage of these methods is that the

number of Gaussian components is equal to the point-set

size, which can be very large for real-world datasets. In

contrast, our work intelligently selects a sparse subset of
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