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Abstract

This paper presents an algorithm that allows to learn low
dimensional representations of images in an unsupervised
manner. The core idea is to combine two criteria that play
important roles in unsupervised representation learning,
namely sparsity and trace quotient. The former is known
to be a convenient tool to identify underlying factors, and
the latter is known as a disentanglement of underlying dis-
criminative factors. In this work, we develop a generic cost
function for learning jointly a sparsifying dictionary and a
dimensionality reduction transformation. It leads to sev-
eral counterparts of classic low dimensional representation
methods, such as Principal Component Analysis, Local Lin-
ear Embedding, and Laplacian Eigenmap. Our proposed
optimisation algorithm leverages the efficiency of geometric
optimisation on Riemannian manifolds and a closed form
solution to the elastic net problem.

1. Introduction

Finding appropriate low dimensional representations of
data is a long-standing challenging problem in data process-
ing and machine learning. Recent development in represen-
tation learning shows that appropriate data representations
are the key to the success of machine learning algorithms,
as different representations can entangle different explana-
tory information of the data, cf. [4]. The aim of this pa-
per is to construct effective low dimensional representation
learning approaches to disentangle various explanatory or
discriminative information in the data for solving unsuper-
vised learning problems.

Sparse representation (SR) was developed as an instru-
ment to leverage the underlying sparse structure of data. It
has led to a great success in signal reconstruction, denoising
and image super-resolution, cf. 2,19, 16, 31]. These meth-
ods can be considered as data-driven sparse representation
approaches. On the other hand, sparse coefficients can also

be interpreted as features that are suitable for the tasks of
learning, such as face recognition [29]], subspace clustering
[L1], and image classification [26].

Furthermore, it is also evidential that sparse representa-
tion of the data can be further processed by applying other
disentangling instruments, in order to reveal task-related in-
formation. For example, the work in [32} 33] incorporates
linear classifiers with sparse representation to jointly learn
a sparsifying dictionary and a classifier. Similarly, adopting
sparse representations in a classical expected risk minimi-
sation formulation leads to the so-called fask-driven dictio-
nary learning approaches, specifically for supervised learn-
ing tasks, cf. [24]. In the unsupervised learning setting,
directly applying a Principal Component Analysis (PCA)
on sparse representations also results in promising perfor-
mance in 3D visualisation and clustering, cf. [12]. From a
perspective of representation learning, it is a logical conclu-
sion that sparse representations contain rich distributed in-
formation of the data with respect to certain learning tasks,
and it also necessitates application of further learning mech-
anisms to disentangle the underlying explanatory informa-
tion.

In this work, we are interested in the problem of unsuper-
vised learning. Among various unsupervised learning tech-
niques, the trace quotient criterion is a simple but powerful
instrument for data discrimination, in particular for Dimen-
sionality Reduction (DR). This generic criterion is shared
by various classic DR methods, such as PCA, Linear Local
Embedding (LLE) [25)], Orthogonal Neighbourhood Pre-
serving Projection (ONPP) [22]], Locality Preserving Pro-
jections (LPP) [17], and Orthogonal LPP (OLPP) [7]. Our
main construction in this work is to apply the trace quo-
tient criterion to further disentangle sparse representations
for unsupervised learning tasks.

The paper is organised as follows. Section [2| provides
a brief review on both sparse representations and the trace
quotient criterion. In Section[3] we construct a generic cost
function for learning both the sparsifying dictionary and
the orthogonal DR transformation, and develop a geomet-
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ric conjugate gradient algorithm on the underlying smooth
manifold. Three applications of the proposed generic model
are discussed in Section 4] together with their experimental
evaluations presented in Section[5] Finally, conclusions and
outlooks are given in Section[6]

2. The Elastic Net Solution and the Trace Quo-
tient Maximisation

In this section, we recall some facts about both sparse
representations and trace quotient optimisation based di-
mensionality reduction.

2.1. Sparse Coding

Given a set of data samples x; € R™, the aim of sparse
coding is to find a collection of atoms d; € R™ such that
each data sample can be approximated by a linear combi-
nation of only a few of the atoms {d;}. According to [4],
the atoms can be interpreted as underlying factors that are
responsible for explaining the discrepancy in the data set.
In other words, sparse coding generates sparsely distributed
representations of data with respect to the specific atoms.

The collection of atoms (often as columns in a matrix) is
called a dictionary D € R™*" leading to the model

z; = Do + €, (D

where ¢; € R" is the corresponding sparse representation,
and ¢; € R™ is additive noise. In this work, we restrict each
column d; € R™ of D to have unit norm, i.e.

S(m,r):={D e Rm”\ k(D) =m,[|dillo =1}, (2

which is a product manifold of (m — 1)-dimensional unit
spheres. In the literature, there are several well-established
methods for sparse coding, which all depend on a certain
sparsity measure, cf. [2[10].

Once a dictionary is given, there are several ways of find-
ing the sparse representation. If sparsity is measured by em-
ploying a combination of the /; - and the ¢5-norm, a solution
to the elastic net problem [34], i.e.

o = aigr[ginénw — D|I3 + Mlloll + 22loll3  (3)
cR"

yields a convenient way to obtain the sparse representation.
The two regularisation parameters \; € R™ and Ay € R™
are chosen to ensure stability and uniqueness of the solu-
tion. Solutions to the elastic net problem (3)) share a con-
venient fact that, under certain assumptions, there exists a
closed from expression.

Let us define the set of indices of the non-zero entries
of the solution ¢* = [p},...,¢%]T € R"by A := {i €
{1,...,7}pF # 0} and k := |A|. Then the solution of the
elastic net (3) has a closed-form expression as

$p(x) = (DADa+ Aoy) " (Diz—Aisa), (4

where I}, is the k x k identity matrix, s, € {£1}* car-
ries the signs of ¢}, and Dy € R™*F is the subset of D
in which the index of atoms (columns) fall into the support
A. With a reasonable assumption that the dictionary D is
suitably incoherent, the solution ¢7,(x) shares an algorith-
mically convenient property of being locally twice differ-
entiable with respect to both D and z, cf. [24]. Such a
prominent property leads to the framework of task-driven
dictionary learning, which is specifically dedicated to su-
pervised learning problems.

2.2. Low dimensional representations based on the
trace quotient criterion

The goal of low dimensional representation learning is to
find representations y; € R of given data samples z; € R™
with [ < m, via a mapping

pR™ =R zes (), Q)

which captures certain desired properties of the data to fa-
cilitate the specific applications. Many classic DR methods
restrict the mapping p to be an orthogonal transformation,
ie. pu(x) := Uz with U € St(l,m). Here St(I,m) de-
notes the Stiefel manifold

St(l,m) :={U e R™UTU = I,} . (6)

In the category of unsupervised learning, this model in-
cludes various classic DR methods, such as PCA, Orthog-
onal Locality Preserving Projection (OLPP) [7]], Orthogo-
nal Linear Graph Embedding (OLGE) [30], and Orthogonal
Neighbourhood Preserving Projections (ONPP) [22]].

Often, the aforementioned DR methods find the orthog-
onal transformation U € St(l,m) via maximising the so-
called trace quotient or trace ratio, i.e.

g: St(l,m) — R, g(U) = tr(U AD)

" tr(UTBU)’ ™

where A € R™*™ is assumed to be symmetric positive
semi-definite and B € R™*" is often assumed to be sym-
metric positive definite. Both matrices are constructed ac-
cording to the specific problems, cf. [8}21]], and examples
will be given and discussed in Section[4]

Due to the rotation invariance of the function g, i.e.
g(UO) = g(U) for © € R*! being orthogonal, we can
redefine the trace quotient function as

FiGrim) =R, f(P):= E;Egg,

where Gr(l, m) denotes the GraBmann manifold as the set
of all m-dimensional rank-/ orthogonal projectors, i.e.

Gr(l,m):={UUT|U € St(l,m)} . )

Various efficient optimisation algorithms over Riemannian
manifolds have been developed to maximise the function f,
cf. (8,114} [18,[19].

®)
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3. The Proposed Joint Learning Framework

In this section, we firstly present a generic cost func-
tion, which adopts the sparsifying dictionary learning in the
framework of trace quotient maximisation in Section
Then a geometric conjugate gradient algorithm is presented
in Section[3.2

3.1. A generic cost function

As suggested by the work of [12} 24], further processing
on the sparse representation is capable of unveiling task-
related underlying factors, potentially for both supervised
and unsupervised learning tasks. In what follows, we con-
struct a cost function, which allows to jointly learn both the
sparsifying dictionary and the orthogonal transformation in
the framework of trace quotient maximisation.

Let us denote by (D, X) := [¢y, (D), ..., ¢z, (D)] €
R"™ the sparse representation of the data X =
[€1,...,x,] for a given dictionary D. We confine our-
selves to the solutions of the elastic net minimisation. Let
A: R™™ — R™7 and B: R™"™ — R"*" be two smooth
functions that serve as generating functions for the matrices
A and B in the trace quotient (7). The specific constructions
of the mappings A and B are given in Section[d] Then we
define a generic trace quotient function in sparse represen-
tations as

f: S(m,r) x Gr(l,r) >R,

~ _ tr(A(®(D, X))P) (10)
f(D,P) ~BED F)P) <"

with o € R being chosen to guarantee the denominator of
f to be positive. manifold S(m,r) x Gr(l,r). In the rest of
the paper, we refer to our proposed model as SPARse LOW
dimensional representation learning (SparLow).

In order to prevent solution dictionaries from being
highly coherent, which is critical for guaranteeing the lo-
cal smoothness of the elastic net solutions, we employ a
log-barrier function on the scalar product of all dictionary
columns to control the mutual coherence of the learned dic-
tionary D, cf. [16], i.e.

r(D):=— Y log(l—(d}d;)?). (11)

1<i<j<k

Furthermore, the authors in [28] argue that an appropriate
dictionary of choice in sparse representation can reveal the
semantics of the data. We propose the following regulariser
on the dictionary to be learned

h(D) = ||D — D*|/%, (12)

where D* is the optimal data-driven dictionary learned from
sparse coding of the data X, and ||-||  denotes the Frobenius
norm. Practically, we use a dictionary D produced by state

Algorithm 1: A CG-SparLow Algorithm.

Input : X € R™*" and functions A: R"*"™ — R"*"
and B: R™*™ — R"*" as specified in
Section;

Output: Accumulation point D* € S(m, r) and
P*eGr(l,r);

Step 1: Generate initialization D(*) € S(m, r) and
PO ¢ Gr(l,r),and set j = 1;

Step 2: Compute
GO =HW « (V;(D), V;(PO));

Step3:Setj=5+1;

Step 4: Update
(DU pUt) ¢« (DUFD UL AHU),
where )\ is computed by employing a
backtracking line search along geodesics;

Step 5: Update HU1) «+— GUHYD 4 yH ) where
GUHY = (V ;(DUTY), vV ;(PU+D)), and
is chosen according to Eq. ;

Step 6: If j mod (r(m —1)+1(r —1) —1) =0, set
HU+)  GqUHD |

Step 7: If ||GU+1)]| is small enough, stop. Otherwise,
go to Step 3;

of the art methods, such as K-SVD. Our experiments have
verified that the heuristic regulariser h ensures solutions of
the generic cost function J defined in Eq. (T3) to be self
explanatory to the data, and guarantees stable performance
towards the task of learning.

By combining the two regularisers discussed above, we
construct the following cost function to jointly learn both
the sparsifying dictionary and the orthogonal transforma-
tion, i.e.

J: S(m,r)xGr(l,r) = R, 13)
J(D, P) := f(D, P) + ur(D) + ph(D),

where the two weighting factors j1, s € RT control the
influence of the two constraints on the final solution.

3.2. A geometric conjugate gradient algorithm

In this subsection, we present a geometric CG algorithm
on the product manifold S(m,r) x Gr(l,r) to maximise
the generic cost function J, defined in (IEI) It is well known
that CG algorithms offer prominent properties, such as a su-
perlinear rate of convergence and the applicability to large
scale optimisation problems with low computational com-
plexity, e.g. in sparse recovery [15]. We refer to [1] for
further technical details for these computations.

We denote by T(p p)S(m,r) x Gr(l,r) the tangent
space of S(m,r) x Gr(l,r) at (D, P), the Riemannian
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gradient of J at (D, P) by G := (V;(D),V;(P)) €
Tp,pyS(m,r) x Gr(l,r), and by H € T(p p)S(m,r) x
Gr(l,r) the conjugate gradient direction. Given
dimS(m,r) = r(m — 1) and dim Gr(l,r) = I(r — 1), we
summarise a conjugate gradient algorithm for maximising
the function J as defined in (I3)), cf. Algorithm I}

For updating the direction parameter ~y in Step 5, we con-
fine ourselves to a formula, which is proposed in [23]], as

<G(j+1)7 G(j+1)_G(j)>
7= (HO, Gy )

(14)

with the inner product (-, -) being defined as

(P1,Q1), (P2, Q2)) = tr(P P2) +tr(Q{ Q2). (15)

Finally in Step 6, the search direction is periodically reset
to the gradient, in order to achieve fast convergence.

4. Applications of the SparLow Model

In the previous section, we propose a generic regularised
cost function, and develop a geometric conjugate gradient
algorithm to maximise the generic cost function .J. In what
follows, we present counterparts of three classic unsuper-
vised learning methods, namely, PCA, LLE, and Laplacian
Eigenmap. Experimental evaluations are conducted in Sec-
tion 5] to illustrate the performance of our proposed frame-
work, in comparison to several direct competitors.

4.1. PCA-like SparLow

The standard PCA method computes an orthogonal
transformation U € St(I,m) such that the variance of the
low dimensional representations is maximised, i.e. U is the
maximiser of the problem

max tr (U'XH,X'U), (16)
UeSt(l,m)
where H,, = I, — %1711;1'— is the centring matrix with

1, = [1,---,1]7 € R™. In the framework of trace quo-
tient, the denominator can be trivially considered to be
tr(UTchaU) with Bpeqs = tr(X H, X ")I,, which is a
constant. By adopting the sparse representations ®(D, X),
we construct straightforwardly

Apea(P(D, X)) := ®(D, X)H,(®(D, X)) ", (17
and
cha(q)(Dvx))::tr(q)(D’X)Hn(q)(DaX))T)Ir- (18)

4.2. LLE-like SparLow

The original LLE method aims to find low dimensional
representations of the data via fitting directly the barycentric
coordinates of a point based on its neighbours constructed

in the original data space, cf. [25]. It is well known that
the low dimensional representations in the LLE method can
only be computed implicitly. In order to overcome this
drawback, the so-called Orthogonal Neighbourhood Pre-
serving Projections (ONPP) is developed in [22], by intro-
ducing an explicit orthogonal transformation between the
original data and its low dimensional representation.
Specifically, the ONPP method solves the problem

max tr(U'XMX'U), (19)
UveSt(l,m)

where M = (I,,—W) T (I,—W) with W € R™*" being the
matrix of barycentric coordinates of the data. Similar to the
previous subsection, we construct the following functions
for an LLE-like SparLow approach, i.e.

Aue(®(D, X)) := (D, X)M(®(D,X))",  (20)
and
Bue(®(D, X)) =tx(®(D, X)M (®(D, X)) )I,. (21)

4.3. Laplacian SparLow

Another category of DR methods are the ones involv-
ing a Laplacian matrix of the data. It includes, for exam-
ple, Locality Preserving Projection (LPP) [17], Orthogonal
LPP (OLPP) [7]], Linear Graph Embedding [30]. Similar to
the approaches applied in the previous two subsections, we
adapt a simple formulation by setting

Alap(®(D, X)) := (D, X)M(®(D, X))",  (22)

with M := {m;;} € R™*" being a real symmetric matrix
measuring the similarity between data pairs (z;, z;), and

Blap(q)(D7X)) = q)(DaX)W((I)(DaX))Tv (23)

with W = {w;;} € R™*" being a diagonal matrix having
Wiy 1= Zj# m;; for all i = 1,...,n. Specifically, the
similarity matrix M can be computed by applying a Gaus-
sian kernel function on the distance between two data sam-
ples, i.e. m;; = exp(—|lz; — x;||3/t) or constant weights
(m;; = 1if ¢; and ¢; are adjacent, m;; = 0 otherwise).

5. Experimental Evaluations

In this section, we investigate the performance of our
proposed SparLow methods on real image data. We apply
the SparLow methods to firstly learn low dimensional rep-
resentations of real images, and then evaluate their perfor-
mance in two unsupervised learning scenarios, namely, (1)
the 1NN classification using known class labels, cf. [13];
and (2) 3D visualisation of disentangling factors learned by
applying the SparLow.
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