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Abstract

Many discriminant analysis methods such as LDA and
HLDA actually maximize the average pairwise distances
between classes, which often causes the class separation
problem. Max-min distance analysis (MMDA) address-
es this problem by maximizing the minimum pairwise dis-
tance in the latent subspace, but it is developed under
the homoscedastic assumption. This paper proposes Het-
eroscedastic MMDA (HMMDA) methods that explore the
discriminative information in the difference of intra-class s-
catters for dimensionality reduction. WHMMDA maximizes
the minimal pairwise Chenoff distance in the whitened s-
pace. OHMMDA incorporates this objective and the min-
imization of class compactness into a trace quotient for-
mulation and imposes an orthogonal constraint to the final
transformation, which can be solved by a bisection search
algorithm. Two variants of OHMMDA are further pro-
posed to encode the margin information. Experiments on
several UCI Machine Learning datasets and the Yale Face
database demonstrate the effectiveness of the proposed H-
MMDA methods.

1. Introduction

Dimensionality reduction (DR) has become a ubiquitous
procedure in many pattern recognition and machine learn-
ing applications. Among a number of DR approaches, a
class of linear supervised techniques referred to as discrim-
inant analysis (DA) has received a lot of attention, which
maximizes the separability of classes. Various criteria have
been proposed based on different definitions of separabil-
ity in the literature. Linear discriminant analysis (LDA) is
probably the most widely used method, which was first pro-
posed for two-class problems by Fisher in [6] and extended
to general multi-class problems by Rao in [16]. LDA opti-
mizes the so-called Fisher criterion by maximizing the ratio
of between-class scatter over within-class scatter under the
homoscedastic Gaussian assumption. The Fisher criterion

is extended to handle tensor data in [27] and sequence data
in [19].

However, in practice, the distributions of classes are of-
ten non-Gaussian, and the covariances of different classes
are not equal. These situations have been studied in exten-
sive literatures. Subclass discriminant analysis [24, 30] con-
siders the general distribution types by dividing each class
into several subclasses each described by one Gaussian dis-
tribution. Marginal Fisher Analysis [25] uses marginal and
neighboring points to construct inter-class separability and
intra-class compactness. Locality preserving property is
combined with LDA in [10] to handle multimodal data.
The optimal class representation is determined in [20] to
replace the mean class vector. The Bayes error is direct-
ly minimized in [7]. The heteroscedastic Gaussian model
parameters are jointly estimated with DR in the maximum-
likelihood framework in [11]. Heteroscedastic LDA (HL-
DA) [12] extends LDA to heteroscedastic cases by utiliz-
ing the Chernoff criterion instead of the Fisher criterion,
where the Chernoff distance is employed to generalize the
between-class scatter. A theoretical analysis of HLDA is
presented in [15]. In [17], the Chernoff distance is maxi-
mized in the transformed space by a gradient-based algo-
rithm, and its performance compared with LDA and HLDA
is evaluated in [1].

These methods actually maximize the average of al-
l pairwise distances between classes due to the definition of
between-class scatter. This will cause the so-called “class
separation” problem [13]. Specifically, these methods tend
to pay close attention to classes with larger distances, but ig-
nore those with smaller distances, resulting in the overlap of
“neighbouring” classes in the projected subspace on the ba-
sis of a specific distance measure. An example to illustrate
the class separation problem is shown in Fig. 1(a), where
class 1 and class 2 locate closely to each other while class
3 is far away from them. All classes have the same unit co-
variance. (In this case, HLDA degenerates into LDA.) The
average of pairwise distances between classes is maximized
when the dominant large distances between class 3 and the



remainders are preserved. Thus the direction that separates
class 3 from the remaining classes as much as possible is
determined as the projection axis of LDA and HLDA, re-
sulting in a complete confusion of class 1 and class 2.

(a)

(b)

Figure 1. (a) An illustration of the class separation problem. (b)
An illustration of the influence of heteroscedastic data. The means
of the three classes in (b) are the same as those in (a), while the
covariances are different. MMDA can address the class separation
problem as shown in (a) but fails in heteroscedastic case as shown
in (b). The proposed HMMDA can successfully separate the three
classes in (b).

To address this problem, some methods such as a-
PAC [13] and weighted Fisher criteria [28] impose larger
weights to similar class pairs, but the optimal weighting
function is often ad-hoc and thus difficult to choose. Alter-
natively, several max-min distance analysis (MMDA) ap-
proaches have been proposed by assuming homoscedastic
Gaussian distributions in [3, 29, 26], which maximize the
minimum pairwise separability between classes in the la-
tent subspace. The three classes are better separated in Fig.
1(a) when they are projected to the subspace (the vertical
line) determined by MMDA. However, in practice classes
usually do not satisfy homoscedastic Gaussian assumption,
so difference of class means can not fully reflect the gap
between classes. Existing MMDA algorithms simply try
to separate the nearest class means in the latent subspace as
much as possible without considering the difference of class
covariances. An example is shown in Fig. 1(b), where the
means of the three classes remain unchanged with those in

Fig. 1(a), but the covariances differ in different classes. The
sum of these covariance is designed to be multiples of unit
matrix, thus whitening has no effect on the final projection.
Hence the resulted projections of LDA and MMDA also re-
main unchanged. It can be seen that LDA and HLDA still
suffer from the class separation problem. For MMDA, due
to the impact of heteroscedasticity, the three classes become
almost inseparable after projection.

In this paper, we propose heteroscedastic max-min dis-
tance analysis (HMMDA) methods for DR to exploit dis-
criminative information presented in the difference of class
covariances: whitened HMMDA (WHMMDA) and orthog-
onal HMMDA (OHMMDA) along with its two variants.
In respect of tackling within-class scatter, WHMMDA per-
forms a whitening preprocessing thus can be considered as
a direct extension of MMDA, while OHMMDA explicitly
incorporates the minimization of the closeness of classes
into the objective function and applies an orthogonal con-
straint. Variants of HMMDA further capture the margin in-
formation by utilizing the pairwise support scatters when
constructing the second-order separability. All these meth-
ods can effectively deal with the class separation problem in
heteroscedastic situations. In the previous example, the s-
lant (red) line represents the projection axis of the HMMDA
methods1. It is clear that the three classes can be completely
separated when projected to this direction.

The rest of this paper is organized as follows: Section 2
and 3 presents the proposed WHMMDA and OHMMDA to-
gether with its two variants, respectively; Section 4 reports
experiments and results; Section 5 draws the conclusions.

2. Whitened HMMDA

In this section, we generalize MMDA to WHMMDA fol-
lowing a two-step framework. That is, a whitening prepro-
cessing is first implemented, separability is then maximized
in the whitened space. Assume that 𝑑-dimensional data be-
long to 𝐶 classes. Let m𝑖, Σ𝑖 and 𝑝𝑖 denote the mean,
covariance and prior probability of class 𝑖, respectively, let

S𝑤 be the within-class scatter defined as: S𝑤 =
𝐶∑
𝑖=1

𝑝𝑖Σ𝑖,

then the whitening transformation is determined as: W1 =
S𝑤

−1/2 ∈ ℝ
𝑑×𝑑.

Although S𝑤 is transformed into an identity matrix, the
covariances of different classes remain different. Hence dif-
ference between class means cannot fully reflect the separa-
bility of classes. Under the assumption that each class obeys
a Gaussian distribution with different mean and covariance
from other classes, Chernoff distance 𝑑𝐶𝑖𝑗 between classes
𝑖 and 𝑗 takes the discriminative information within differ-
ence of covariances into account and thus has the ability to

1They produce the same projection in this case.



better describe the entanglement of classes.

𝑑𝐶𝑖𝑗 = (m̂𝑖 − m̂𝑗)
𝑇 Σ̂−1

𝑖𝑗 (m̂𝑖 − m̂𝑗)

+ 1
𝛼𝑖𝑗(1−𝛼𝑖𝑗)

log
∣Σ̂𝑖𝑗∣

∣Σ̂𝑖∣𝛼𝑖𝑗 ∣Σ̂𝑗∣1−𝛼𝑖𝑗

(1)

where 𝛼𝑖𝑗 = 𝑝𝑖/(𝑝𝑖 + 𝑝𝑗), m̂𝑖 = W1
𝑇m𝑖, Σ̂𝑖 =

W1
𝑇Σ𝑖W1 are the mean and variance of class 𝑖 in the

whitened space, and Σ̂𝑖𝑗 = 𝛼𝑖𝑗Σ̂𝑖 + (1 − 𝛼𝑖𝑗)Σ̂𝑗 . It has
been shown in [12] that 𝑑𝐶𝑖𝑗 can be obtained as the trace of
a positive semi-definite matrix S𝐶𝑖𝑗 (𝑑𝐶𝑖𝑗 = 𝑡𝑟(S𝐶𝑖𝑗)).

S𝐶𝑖𝑗 = Σ̂
−1/2
𝑖𝑗 (m̂𝑖 − m̂𝑗)(m̂𝑖 − m̂𝑗)

𝑇 Σ̂
−1/2
𝑖𝑗

+ 1
𝛼𝑖𝑗(1−𝛼𝑖𝑗)

(log Σ̂𝑖𝑗 − 𝛼𝑖𝑗 log Σ̂𝑖 − (1− 𝛼𝑖𝑗) log Σ̂𝑗)

(2)

The objective of WHMMDA is to maximize the minimal
pairwise Chernoff distance in the latent subspace:

max
W2

min
1≤𝑖<𝑗≤𝐶

(𝑝𝑖𝑝𝑗)
−1𝑡𝑟(W2

𝑇S𝐶𝑖𝑗W2)

= max
W2

min
1≤𝑖<𝑗≤𝐶

𝑡𝑟(W2
𝑇 S̃𝐶𝑖𝑗W2)

𝑠.𝑡. W2
𝑇W2=I𝑑′

(3)

where S̃𝐶𝑖𝑗 = (𝑝𝑖𝑝𝑗)
−1S𝐶𝑖𝑗 is the scatter between classes

𝑖 and 𝑗 weighted by the inverse factor of prior probabilities.

We use the method proposed in [3] to optimize
(3). Specifically, by introducing two new variables 𝑡
and Z = W2W2

𝑇 , and relaxing the feasible set of

Z:
{
Z∣Z = W2W2

𝑇 ,W2
𝑇W2=I𝑑′

}
to its convex hul-

l {Z∣ 𝑡𝑟(Z) = 𝑑′,0 ≤ Z ≤ I𝑑} [14], the non-convex prob-
lem (3) is transformed into the following Semi-Definite Pro-
gramming (SDP) problem:

max 𝑡

𝑠.𝑡. 𝑡𝑟(S̃𝐶𝑖𝑗Z) ≥ 𝑡, 1 ≤ 𝑖 < 𝑗 ≤ 𝐶
0 ≤ Z ≤ I𝑑
𝑡𝑟(Z) = 𝑑′

(4)

This relaxation is called the global relaxation in [3]. Let
Z𝑔𝑙𝑜 denotes the optimal solution of (4).

The relaxation is loose for only extreme points of the
convex hull are contained in the original feasible set of Z. It
is proved in [3] that the convex hull is equivalent to the orig-
inal feasible set if an additional condition det(Z + 𝜉I𝑑) =
(1 + 𝜉)𝑑

′
𝜉𝑑−𝑑′

, ∀𝜉 > 0 is added. Hence by using Z𝑔𝑙𝑜 as
the initial Z0, a more precise solution can be obtained by
iteratively solving the following sequential SDP relaxation
using the solution of the previous iteration as Z0:

max 𝑡

𝑠.𝑡. 𝑡𝑟(S̃𝐶𝑖𝑗Z) ≥ 𝑡, 1 ≤ 𝑖 < 𝑗 ≤ 𝐶
0 ≤ Z ≤ I𝑑
𝑡𝑟(Z) = 𝑑′

𝑡𝑟((Z0 + I𝑑)
−1Z) ≤ (1 + 𝜆)𝑡𝑟((Z0 + I𝑑)

−1Z0)
𝑡𝑟((Z0 + I𝑑)

−1Z) ≥ (1− 𝜆)𝑡𝑟((Z0 + I𝑑)
−1Z0)

(5)
where 𝜆 is a parameter decreasing from 10−2 to 10−6 for
20 iterations. We use SDPT3 [21, 22] to solve problems (4)
and (5). Let Z𝑙𝑜𝑐 denotes the final solution of (5). W2 is
recovered by decomposing Z𝑙𝑜𝑐 and using the eigenvectors
corresponding to the 𝑑′ largest eigenvalues as columns. The
final transformation matrix of WHMMDA is: W𝑊𝐻 =
W1W2. Different from LDA, the maximal dimensionality
of reduced subspace generated by WHMMDA is not lim-
ited by 𝐶 − 1, because the transformation is obtained via
solving SDP rather than algebraic eigen-decomposition.

3. Orthogonal HMMDA

3.1. Formulation and solution of OHMMDA

The transformation matrix resulted by WHMMDA is not
orthogonal, thus the features produced may be correlated. It
has been shown that in some applications [5, 9, 18] orthog-
onal basis transformations may have better discriminating
power. Furthermore, whitening the within-class scatter can-
not directly strengthen the closeness of data in the same
class. In this section, we develop an algorithm in the o-
riginal space that can explicitly obtain a joint optimization
of maximizing the minimum pairwise Chernoff distance be-
tween classes and minimizing the diffusion within the same
classes with the orthogonal constraint in a trace quotien-
t fashion, which we call orthogonal HMMDA (OHMMDA).

We first compute the pairwise between-class scatter ma-
trix S𝑂𝐶𝑖𝑗 directly in the original space:

S𝐶𝑖𝑗 = Σ𝑖𝑗
−1/2(m𝑖 −m𝑗)(m𝑖 −m𝑗)

𝑇Σ𝑖𝑗
−1/2

+ 1
𝛼𝑖𝑗(1−𝛼𝑖𝑗)

(logΣ𝑖𝑗 − 𝛼𝑖𝑗 logΣ𝑖 − (1− 𝛼𝑖𝑗) logΣ𝑗)

(6)
The objective of O-HMMDA can then be expressed as

the following optimization problem:

max
W

min
1≤𝑖<𝑗≤𝐶

(𝑝𝑖𝑝𝑗)
−1𝑡𝑟(W𝑇S𝑂𝐶𝑖𝑗W)

𝑡𝑟(W𝑇S𝑤W)

= max
W

min
1≤𝑖<𝑗≤𝐶

𝑡𝑟(W𝑇 S̃𝑂𝐶𝑖𝑗W)
𝑡𝑟(W𝑇S𝑤W)

𝑠.𝑡. W𝑇W =I𝑑′

(7)

Similarly, S̃𝑂𝐶𝑖𝑗 = (𝑝𝑖𝑝𝑗)
−1S𝑂𝐶𝑖𝑗 .

Problem (7) is equivalent to the following problem by



introducing an auxiliary variables 𝑡:

max 𝑡

𝑠.𝑡. 𝑡𝑟(W𝑇 S̃𝑂𝐶𝑖𝑗W) ≥ 𝑡 ⋅ 𝑡𝑟(W𝑇S𝑤W),
1 ≤ 𝑖 < 𝑗 ≤ 𝐶

W𝑇W =I𝑑′

(8)

By introducing variable Z = WW𝑇 , and relaxing the
feasible set of Z to its convex hull again as in WHMMDA,
problem (8) is transformed into:

max 𝑡

𝑠.𝑡. 𝑡𝑟((S̃𝑂𝐶𝑖𝑗 − 𝑡 ⋅ S𝑤)Z) ≥ 0,
1 ≤ 𝑖 < 𝑗 ≤ 𝐶

0 ≤ Z ≤ I𝑑
𝑡𝑟(Z) = 𝑑′

(9)

This problem can be solved by the bisection search strat-
egy proposed in [18]. Assume that 𝑡∗ is the unknown opti-
mal value of (9). For a given 𝑡 ∈ ℝ, if the following SDP
problem (10) is feasible, then it means that 𝑡 is a feasible
solution of (9), thus the optimal solution 𝑡∗ of (9) should
satisfy: 𝑡∗ ≥ 𝑡 since 𝑡∗ is the maximum of all feasible 𝑡.
Otherwise, if (10) is infeasible, then it means 𝑡 exceeds the
maximum value of all feasible 𝑡 and thus 𝑡∗ < 𝑡.

𝑓𝑖𝑛𝑑 Z

𝑠.𝑡. 𝑡𝑟((S̃𝑂𝐶𝑖𝑗 − 𝑡 ⋅ S𝑤)Z) ≥ 0,
1 ≤ 𝑖 < 𝑗 ≤ 𝐶

0 ≤ Z ≤ I𝑑
𝑡𝑟(Z) = 𝑑′

(10)

Based on this inference, by determining a lower bound
𝑡𝐿 and an upper bound 𝑡𝑈 of 𝑡∗, a recursive algorithm can
be developed to gradually narrow down the feasible region
until the position of 𝑡∗ is located. Specifically, we first ini-
tialize the value of 𝑡 as: 𝑡 = (𝑡𝐿 + 𝑡𝑈 )/2, then we check if
(10) is feasible. If it is feasible, then we update the lower
bound as: 𝑡𝐿 = 𝑡; otherwise we update the upper bound
as: 𝑡𝑈 = 𝑡. Thereupon the value of 𝑡 = (𝑡𝐿 + 𝑡𝑈 )/2 is
changed and (10) is checked again. This process is repeated
until the difference of 𝑡𝑈 and 𝑡𝐿 is below a preset threshold
𝜉: 𝑡𝑈 − 𝑡𝐿 ≤ 𝜉.

The initial lower bound 𝑡𝐿 and upper bound 𝑡𝑈 can be
estimated following the theorem from [14] and [18]:

Theorem. If S ∈ ℝ
𝑑×𝑑 is a symmetric matrix and 𝜆1 ≥

𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑑 are the eigenvalues of S sorted in descend-
ing order. Then for any W ∈ ℝ

𝑑×𝑑′
that satisfies the condi-

tion: W𝑇W =I𝑑′ , we have: max
W

𝑡𝑟(W𝑇SW) =
𝑑′∑
𝑖=1

𝜆𝑖

and min
W

𝑡𝑟(W𝑇SW) =
𝑑∑

𝑖=𝑑−𝑑′+1

𝜆𝑖.

S̃𝑂𝐶𝑖𝑗 , 1 ≤ 𝑖 < 𝑗 ≤ 𝐶 and S𝑤 are all symmetric
and positive semi-definite matrixes, then their correspond-
ing sorted eigenvalues satisfy: 𝜆𝑂𝐶𝑖𝑗1 ≥ 𝜆𝑂𝐶𝑖𝑗2 ≥ ⋅ ⋅ ⋅ ≥

𝜆𝑂𝐶𝑖𝑗𝑑 ≥ 0, 1 ≤ 𝑖 < 𝑗 ≤ 𝐶 and 𝜆𝑤1 ≥ 𝜆𝑤2 ≥ ⋅ ⋅ ⋅ ≥
𝜆𝑤𝑑 ≥ 0. Then by amplifying and magnifying the objective
of (7), the upper and lower bound of 𝑡 can be estimated as:

𝑡𝑈 = max
1≤𝑖<𝑗≤𝐶

𝑑′∑
𝑘=1

𝜆𝑂𝐶𝑖𝑗𝑘

𝑑∑
𝑘=𝑑−𝑑′+1

𝜆𝑤𝑘

(11)

𝑡𝐿 = min
1≤𝑖<𝑗≤𝐶

𝑑∑
𝑘=𝑑−𝑑′+1

𝜆𝑂𝐶𝑖𝑗𝑘

𝑑′∑
𝑘=1

𝜆𝑤𝑘

(12)

respectively. When the smallest eigenvalues of S𝑤 are all
zeros, the denominator of (11) is also zero. This happens
when there are too few training samples and S𝑤 is not full
rank. This problem can be solved by either using PCA to
remove the null space of S𝑤 [18] or by regularization.

The bisection algorithm is guaranteed to converge to the
global optimum within log2((𝑡𝑈 − 𝑡𝐿)/𝜉) iterations [18].
We also use SDPT3 [21, 22] to solve problem (10). After
obtaining the optimal solution of Z, the final transformation
W is constructed by eigen-decomposing Z and using the
eigenvectors corresponding to the 𝑑′ largest eigenvalues as
columns as before.

3.2. Two variants of OHMMDA

Since the ratio of the minimum pairwise between-class
scatter S𝑂𝐶𝑖𝑗 over the within-class scatter S𝑤 is explicit-
ly maximized in a trace quotient fashion (7) instead of first
whitening S𝑤, both S𝑂𝐶𝑖𝑗 and S𝑤 are not necessarily re-
stricted to those used in (6) and (7). Different formulations
of S𝑂𝐶𝑖𝑗 and S𝑤 represent the dissimilarity between classes
and the compactness of classes in different aspects. Gener-
ally, using the sum of variances as the within-class scatter
tends to aggregate all the samples, which is indeed a stric-
t requirement. An alternative choice is to force adjacent
samples to be close. Similarly, the pairwise between-class
scatter can be built using only those neighboring samples
distributed in the border of the two classes to reflect their
separability. Encoding such margin information is a com-
monly used strategy [25, 18]. In [18], the intra-class scatter
for class 𝑖 is defined as:

Σ𝑚
𝑖 =

∑
x𝑝∈𝑐𝑙𝑎𝑠𝑠 𝑖

∑
x𝑞∈𝑁𝑖

𝑘(x𝑝)

(x𝑝 − x𝑞)(x𝑝 − x𝑞)
𝑇 (13)

where 𝑁 𝑖
𝑘(x𝑝) denotes the set of 𝑘-nearest neighbors in

class 𝑖. That is, for each sample in class 𝑖, only its 𝑘 near-
est neighbors in the same class are used to construct Σ𝑚

𝑖 .



The value of 𝑘 is set to be 3 in our experiments. The over-
all intra-class scatter of margin is the weighted sum of the
intra-class scatter of all classes:

S𝑚
𝑤 =

𝐶∑
𝑖=1

𝑝𝑖Σ
𝑚
𝑖 (14)

The pairwise inter-class scatter of margin S𝑚
𝐶𝑖𝑗 is accord-

ingly defined by replacing Σ𝑖 with Σ𝑚
𝑖 in (6), which con-

siders the difference between locally similarity within class-
es at the second-order level.

S𝑚
𝐶𝑖𝑗 = (Σ𝑚

𝑖𝑗 )
−1/2(m𝑖 −m𝑗)(m𝑖 −m𝑗)

𝑇 (Σ𝑚
𝑖𝑗 )

−1/2

+ 1
𝛼𝑖𝑗(1−𝛼𝑖𝑗)

(logΣ𝑚
𝑖𝑗 − 𝛼𝑖𝑗 logΣ

𝑚
𝑖 − (1− 𝛼𝑖𝑗) logΣ

𝑚
𝑗 )

(15)
where Σ𝑚

𝑖𝑗 = 𝛼𝑖𝑗Σ
𝑚
𝑖 + (1− 𝛼𝑖𝑗)Σ

𝑚
𝑗 .

The pairwise between-class scatter can also incor-
porate such margin information by exploiting those
“support points” distributed in the boundary region
of two classes, which we call the support pairwise
inter-class scatter and denote it by S𝑠

𝐶𝑖𝑗 . We com-
pute all the pairwise Euclidean distances between the
𝑁𝑖 samples in class 𝑖 and the 𝑁𝑗 samples in class
𝑗, and collect the sample pairs from different classes
that belong to the 𝑘′ nearest pairs into a set Ψ𝑖𝑗 , Ψ𝑖𝑗 =
{(x𝑝,x𝑞)∣x𝑝 ∈ 𝑐𝑙𝑎𝑠𝑠 𝑖,x𝑞 ∈ 𝑐𝑙𝑎𝑠𝑠 𝑗, (x𝑝,x𝑞) ∈ 𝑃𝑘′(𝑖, 𝑗)},
𝑖 ∕= 𝑗, where 𝑃𝑘′(𝑖, 𝑗) denotes the set of 𝑘′ nearest sam-
ple pairs between class 𝑖 and 𝑗. Instead of purely
using the difference between means of the two classes
at the first-order level, we utilize these “support point
pairs” to represent the first-order separability and re-
place the term (m𝑖 − m𝑗)(m𝑖 −m𝑗)

𝑇 in S𝑚
𝐶𝑖𝑗 by∑

(x𝑝,x𝑞)∈Ψ𝑖𝑗

(x𝑝 − x𝑞)(x𝑝 − x𝑞)
𝑇 to construct S𝑠

𝐶𝑖𝑗 .

In this paper, we refer to the original OHMMDA al-
gorithm that uses S𝑂𝐶𝑖𝑗 and S𝑤 as pairwise between-
class and within-class scatters as OHMMDA, and use mar-
OHMMDA and sup-OHMMDA to denote the algorithms
that use S𝑚

𝐶𝑖𝑗 , S𝑚
𝑤 and S𝑠

𝐶𝑖𝑗 , S𝑚
𝑤 as pairwise inter-class and

intra-class scatters, respectively. Similar to WHMMDA, the
dimensionality reduced by OHMMDA, mar-OHMMDA or
sup-OHMMDA is also not limited by 𝐶 − 1.

3.3. Complexity

The most time-consuming part is to solve SDPs (5)
and (10). The number of variables and constraints are
𝑂(𝑑2) and 𝑂(𝑑 + 𝐶2), thus the worst-case complexity
of interior-point method is 𝑂(𝑑4(𝑑+ 𝐶2)2). WHMMDA
takes a fixed number of iterations, and OHMMDAs take
𝑙𝑜𝑔2((𝑡𝑈 − 𝑡𝐿)/𝑒) iterations to converge. The space com-
plexity for all variants is 𝑂(𝐶2𝑑2). Any scalable distributed
technique such as alternating direction method of multipli-
ers can be used to cope with large scale SDPs.

4. Experiments and results

4.1. Experiments on UCI datasets

Datasets. We evaluate the performances of the pro-
posed HMMDA algorithms on five real-world datasets from
the UCI Machine Learning Repository [2]. These datasets
are briefly described as follows: (1). The “Breast Cancer
Wisconsin (Diagnostic)” (BCWD) dataset contains 569 in-
stances from two classes indicating whether the diagnosis
is malignant or benign. Each instance is represented by 32
features extracted form a digitized image of a fine needle
aspirate of a breast mass. (2). The “Iris” dataset consists
of 150 instances with a dimension of 4 from three classes
of 50 instances each, where each class refers to a type of
iris plant. (3). The “Glass Identification” dataset consists of
214 instances with a dimension of 10 from six glass classes.
(4). The “Landsat Satellite” dataset has six decision classes
with a dimension of 36 for each example. There are 4,435
examples in the training set and 2,000 examples in the test
set. We merged the training set and test set into a single set.
(5). The “Multiple Features” dataset consists of features of
ten handwritten numeral classes. There are 2,000 instances
in total with 200 instances for each class. Every instance is
represented in terms of six feature sets. We use the set that
contains 47 Zernike moments in our experiments.

Experimental setup. For each dataset, we divide the w-
hole set into five subsets, of which four are used as training
set and the left one is used for test. We evaluate the ef-
fectiveness of the proposed WHMMDA, OHMMDA, mar-
OHMMDA and sup-OHMMDA methods on such fivefold
cross validation. Four widely used discriminant analysis
approaches, including LDA, HLDA, aPAC and MMDA, are
also evaluated for comparison. For all these datasets, the
original dimensionality 𝑑 is reduced to all possible values.
For LDA and aPAC, the maximum dimensionality of the se-
lected subspace is limited to 𝐶−1; while other methods are
able to preserve a dimensionality higher than 𝐶 − 1, so we
reduced the dimensionality of data to from 1 to 𝑑−1. Three
classifiers including the nearest neighbor classifier (1-NN),
the nearest mean classifier (NM) and the quadratic classifi-
er are used to perform classification in the low-dimensional
subspaces. The quadratic classifier uses the quadratic dis-
criminant function (QDF) as the decision function:

x ∈ arg min
𝑖=1,⋅⋅⋅ ,𝐶

(x−m𝑖)
𝑇Σ−1

𝑖 (x−m𝑖) + log ∣Σ𝑖∣

Results and analysis. Table 1(a) to 1(e) show the op-
timal average classification error rates among all possible
reduced dimensionalities together with the corresponding s-
tandard deviations and dimensions of different DR methods
on the six datasets, respectively.

For the BCWD dataset, there are only two classes, in this
case the max-min criterion is equivalent to the max-average
criterion. Hence WHMMDA boils down to HLDA. They



Table 1. Optimal average classification error rates by the three classifiers of different DR methods on the six datasets. The two values in
each bracket are the corresponding dimensions and standard deviations. The best result achieved in each dataset among all methods by
each classifier is shown in bold.

(a) Results on the BCWD dataset

Classifier LDA HLDA aPAC MMDA WHMMDA OHMMDA mar-
OHMMDA

sup-
OHMMDA

1-NN 0.0473
(1,0.0177)

0.0298
(2,0.0151)

0.0473
(1,0.0177)

0.0438
(2,0.0180)

0.0298
(2,0.0151)

0.0651
(29,0.0075)

0.0704
(29,0.0204)

0.0474
(20,0.0213)

NM 0.0421
(1,0.0101)

0.0404
(16,0.0118)

0.0421
(1,0.0101)

0.0421
(1,0.0101)

0.0404
(16,0.0118)

0.0897
(28,0.0132)

0.1073
(21,0.0289)

0.1004
(20,0.0378)

QDF 0.0316
(1,0.0089)

0.0298
(1,0.0088)

0.0316
(1,0.0089)

0.0316
(1,0.0089)

0.0298
(1,0.0088)

0.0405
(26,0.0206)

0.0387
(21,0.0183)

0.0405
(23,0.0183)

(b) Results on the Iris dataset

Classifier LDA HLDA aPAC MMDA WHMMDA OHMMDA mar-
OHMMDA

sup-
OHMMDA

1-NN 0.0333
(1,0.0365)

0.0267
(2,0.0249)

0.0400
(1,0.0327)

0.0400
(3,0.0249)

0.0333
(2,0.0211)

0.0333
(3,0.0211)

0.0600
(3,0.0389)

0.0600
(3,0.0249)

NM 0.0200
(1,0.0163)

0.0200
(1,0.0163)

0.0200
(1,0.0163)

0.0200
(1,0.0267)

0.0200
(1,0.0267)

0.0267
(3,0.0133)

0.0533
(1,0.0452)

0.0400
(2,0.0327)

QDF 0.0200
(1,0.0163)

0.0200
(1,0.0163)

0.0200
(1,0.0163)

0.0267
(1,0.0249)

0.0133
(2,0.0163)

0.0400
(3,0.0133)

0.0333
(3,0.0516)

0.0333
(3,0.0211)

(c) Results on the Glass dataset

Classifier LDA HLDA aPAC MMDA WHMMDA OHMMDA mar-
OHMMDA

sup-
OHMMDA

1-NN 0.3764
(5,0.0617)

0.3398
(8,0.0718)

0.3764
(5,0.0617)

0.3168
(8,0.0596)

0.3302
(6,0.0520)

0.3154
(8,0.0670)

0.2793
(8,0.0722)

0.2877
(8,0.0742)

NM 0.4147
(5,0.0597)

0.4286
(8,0.0432)

0.4147
(5,0.0597)

0.4101
(8,0.0591)

0.4087
(8,0.0641)

0.4340
(7,0.0410)

0.5651
(8,0.0462)

0.5740
(8,0.0518)

QDF 0.4603
(2,0.0831)

0.4302
(5,0.0424)

0.4240
(1,0.0676)

0.3729
(2,0.0430)

0.4201
(5,0.0294)

0.3920
(5,0.0587)

0.3922
(5,0.0258)

0.3969
(4,0.0848)

(d) Results on the Landset dataset

Classifier LDA HLDA aPAC MMDA WHMMDA OHMMDA mar-
OHMMDA

sup-
OHMMDA

1-NN 0.1442
(5,0.0036)

0.1343
(18,0.0082)

0.1442
(5,0.0036)

0.1442
(5,0.0033)

0.1442
(10,0.0159)

0.0892
(18,0.0070)

0.0908
(33,0.0080)

0.0928
(35,0.0046)

NM 0.1573
(5,0.0044)

0.1556
(23,0.0050)

0.1573
(5,0.0044)

0.1573
(6,0.0044)

0.1568
(35,0.0030)

0.2003
(35,0.0108)

0.1893
(5,0.0108)

0.2152
(16,0.0138)

QDF 0.1419
(5,0.0029)

0.1419
(25,0.0065)

0.1417
(4,0.0042)

0.1358
(11,0.0070)

0.1434
(27,0.0041)

0.1413
(21,0.0034)

0.1378
(23,0.0081)

0.1444
(35,0.0052)

(e) Results on the Multi-feature Digit dataset

Classifier LDA HLDA aPAC MMDA WHMMDA OHMMDA mar-
OHMMDA

sup-
OHMMDA

1-NN 0.2050
(9,0.0134)

0.1895
(22,0.0100)

0.2050
(9,0.0134)

0.1850
(20,0.0106)

0.1990
(41,0.0099)

0.1870
(42,0.0108)

0.1900
(46,0.0143)

0.1845
(46,0.0144)

NM 0.1800
(9,0.0101)

0.1770
(31,0.0107)

0.1800
(9,0.0101)

0.1800
(9,0.0101)

0.1825
(46,0.0104)

0.2370
(37,0.0196)

0.2840
(46,0.0218)

0.2440
(27,0.0197)

QDF 0.1730
(8,0.0114)

0.1745
(31,0.0149)

0.1670
(7,0.0149)

0.1690
(13,0.0129)

0.1910
(45,0.0124)

0.1680
(28,0.0112)

0.1640
(23,0.0112)

0.1590
(20,0.0142)

achieve the best results among all DR methods for all clas-
sifiers, owing to the exploitation of second-order Chernoff
distance. For Other datasets which contain more than two
classes, the performances of HMMDA algorithms are quite
satisfactory. This is reflected in several respects. First, the
best results among all DR methods and all classifiers on all
these datasets are always achieved by one variant of HMM-
DA algorithms. Second, for both the two non-linear clas-
sifiers (1-NN and QDF), HMMDA variants obtain the best
results or comparable results with the best ones on maxi-
mum number of datasets. Third, for all classifiers, on most
datasets where the results of HMMDA algorithms are not
the best ones, they are also not far from the best results.

It can be observed that non-linear classifiers perform

better than the NM classifier on nearly all datasets. This
means that the distributions of classes are generally not
homoscedastic Gaussian distributions even not Gaussian,
which is the common case in real world applications. H-
MMDA algorithms always perform better with lower er-
ror rates and lower or comparable standard deviations than
competitive DR methods by non-linear classifiers. This in-
dicates that through successfully combining the advantages
of max-min criterion and the Chernoff criterion, HMMDA
algorithms are able to provide a constrained subspace in
which the closest two classes are projected as far as pos-
sible hence all classes are better separated. In this sense
“far” means that two classes have a larger Chenoff distance
thus the discriminative information contained in the differ-



ences of secondary moments under different definitions can
be captured. On the other hand, the performances of HMM-
DA algorithms when using the NM classifier are inferior to
those using non-linear classifiers. The reason could be that
data after HMMDA transformation are not linearly separa-
ble even they may have a better nonlinear separability.

For the two non-linear classifiers, WHMMDA generally
performs the best on the BCWD dataset and the Iris dataset.
The scales of the two datasets are quite small, hence less
information is presented. WHMMDA without the orthogo-
nal constraint is able to project data to subspaces with few
less relevant dimensionalities that have good discriminative
powers. For the other three datasets of the ascending scale,
OHMMDA, mar-OHMMDA and sup-OHMMDA generally
rank inside the top three. The explicit trace quotient formu-
lation together with the orthogonal constraint and the ef-
fective solution make OHMMDA varietal algorithms fully
functional.

Among the proposed HMMDA methods, no one variant
can outperform all other variants on all datasets. The rea-
son is that different variants characterize separability from
different perspectives, and thus which variant is more effec-
tive highly depends on the data. As the scales and domains
of these benchmark datasets vary a lot, no variant can win
in all cases. When there are only a few training samples,
mar-OHMMDA is preferred since the intra-class scatter of
margin (15) can be better utilized to reflect the margin in-
formation. If the data distribution is highly non-Gaussian,
sup-OHMMDA is preferred as support inter-class scatter is
able to capture the marginal separability between classes. If
sufficient samples are available and the distribution is not
very singular, the original OHMMDA is suitable, since the
estimations of class variances are accurate and can provide
the overall dispersion of classes. Nevertheless, the experi-
ments show that any of the variants is indeed able to achieve
superior results.

4.2. Experiments on the Yale Face database

We have experimentally demonstrated that HMMDA al-
gorithms perform quite well on real world datasets where
both whether the distribution of different classes is imbal-
anced and whether the distribution of each class is Gaussian
are unknown. In this subsection, we further evaluate the
effectiveness of the proposed HMMDA algorithms in face
recognition application on the Yale Face database [23].

Database. The original Yale Face database contains 165
gray-scale images in GIF format of 15 individuals. There
are 11 images per individual, one per different facial ex-
pression, lighting condition, with/without glasses or other
configuration. In [8, 4], these face images were normalized
in scale and orientation, aligned such that the two eyes were
at the same position, and finally cropped into 32 × 32 gray
pixels such that only the facial areas were preserved, hence

each image was represented by a 1,024-dimensional vector.
We use these processed data [4] as input.

Experimental setup. We first use PCA to reduce the
dimensionality of all sample vectors from 1,024 to 50, and
this preserves more than 98% of the total energy. The 11
samples of each individual are randomly divided into train-
ing and test sets, that is, 𝑝 samples per individual are ran-
domly selected for training and the rest of the 11−𝑝 samples
are for test. In our experiments, we set 𝑝 = 5, 6. For each
given 𝑝, we randomly split the whole database to generate
the training and test sets 10 times, and take the average er-
ror rates and standard deviations as evaluation indicators.
We compare the proposed HMMDA algorithms again with
LDA, HLDA, aPAC and MMDA. The original dimension-
ality 50 is reduced to all possible values in the range of 1
to 𝐶 − 1 with interval of 5 by LDA and aPAC, and to all
possible values in the range of 1 to 50 − 1 with interval of
5 by the other DR methods. The three classifiers (1-NN,
NM and QDF) are used to perform classification in the low-
dimensional subspaces. The error rates of the three classi-
fiers on original data are also evaluated as references.

Results and analysis. The results on the Yale Face
database by using 𝑝 = 5, 6 samples per class for training are
shown in Fig. 2 and Fig. 3, respectively. We can find that in
all cases, when more than a third of the original dimension-
ality is preserved, the average error rates in the subspace
projected by nearly all these DR methods are lower than
those in the original space with smaller or comparable stan-
dard deviations. Hence no matter how many samples per
class are used for training and no matter which classifier is
used, these DR methods, especially the proposed HMMDA
algorithms, indeed can improve the performance.

LDA and aPAC can preserve at most 𝐶 − 1 dimen-
sionalities, but it is hard to achieve sufficiently good per-
formance within such a small number of dimensionalities.
However, in many cases the proposed HMMDA algorithms
outperform the two methods even when projecting to sub-
spaces with a same small dimensionality, and when more
than 𝐶 − 1 dimensionalities are retained, the error rates
of HMMDAs continue to drop. For almost all these cas-
es, the performances of OHMMDA, mar-OHMMDA and
sup-OHMMDA are always the best three, even when few
samples per class are available for training and when the
linear NM classifier is used for classification. The quadric
classifier performs poorly in the original space, which may
indicate that the second order moments of the class distri-
butions seem rather unsystematic and cannot directly con-
tribute to the classification. Even so, the proposed HMMDA
algorithms can still identify the separation information po-
tentially presented in them and successfully utilize them to
greatly improve the classification performance.
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Figure 2. Error rates of different dimensionality reduction methods on the Yale Face database by (a) the 1-NN classifiers; (b) the NM
classifier and (c) the QDF classifier when 𝑝 = 5.
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Figure 3. Error rates of different dimensionality reduction methods on the Yale Face database by (a) the 1-NN classifiers; (b) the NM
classifier and (c) the QDF classifier when 𝑝 = 6.

5. Conclusions

In this paper, we have proposed several HMMDA meth-
ods for DR, which can both address the class separation
problem and take the heteroscedasticity of data into ac-
count. WHMMDA first performs a whitening preprocess-
ing and then maximizes the minimal pairwise Chenoff dis-
tance in the latent subspace, while OHMMDA explicitly in-
corporates this objective with minimizing the closeness of
classes into a trace quotient formulation and imposes an or-
thogonal constraint. Two variants of OHMMDA, namely
mar-OHMMDA and sup-OHMMDA, are developed to bet-
ter handle general class distributions and encode the margin
information. HMMDA algorithms achieve superior perfor-
mances compared against several popular DR approaches
on five UCI datasets and the Yale Face database.

Although these HMMDA algorithms are developed un-
der the Gaussian assumption, they work quite well in prac-
tice and the consideration of heteroscedasticity still makes
sense. Following the idea of [30], since a large majority
of distributions can be approximated by a mixture of Gaus-
sians, we can first decompose the general underlying distri-
bution of each class into a set of heteroscedastic Gaussians,
and then view each Gaussian component as a single sub-
class. Under the max-min distance criterion, we can put
lower weights or apply constraints to the pairwise within-

class scatter between two subclasses from the same class.
Hence the proposed HMMDA algorithms can be extended
to tackle general distributions. Our future work involves
progressing towards such extensions and exploring nonlin-
ear extensions of HMMDA by kernelization.
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