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Abstract

Range-weighted neighborhood filters are useful and
popular for their edge-preserving property and simplicity,
but they are originally proposed as intuitive tools. Previous
works needed to connect them to other tools or models for
indirect property reasoning or parameter estimation. In this
paper, we introduce a unified empirical Bayesian frame-
work to do both directly. A neighborhood noise model is
proposed to reason and infer the Yaroslavsky, bilateral, and
modified non-local means filters. An EM+ algorithm is de-
vised to estimate the essential parameter, range variance,
via the model fitting to empirical distributions. Finally, we
apply this framework to color-image denoising. Experimen-
tal results show that the proposed model fits noisy images
well and the range variance is estimated successfully. The
image quality can also be improved by a proposed recursive
fitting and filtering scheme.

1. Introduction

Range-weighted formulation has been widely used to
provide edge-preserved denoising since the introduction
of local neighborhood filtering, especially the Yaroslavsky
[28] and bilateral [23] filters. Many variations were also
proposed for different applications, such as the trilateral fil-
ter for high contrast images[6] and the cross bilateral filter
for fusing image pairs [20]. The reader is referred to [17]
for more applications. The non-local means (NLM) [2] was
further proposed for a non-local neighborhood and got fruit-
ful patch-based extensions on denoising.

The intuitive idea behind is to assign filter coefficients based
on similarity, e.g. the bilateral filter is given by

D ien, Wiidi - Yi
ZiEAl wiid;

where y and Z are the observed and filtered signals re-
spectively, and A; represents the neighborhood at posi-
tion . The adaptive kernel consists of one range-weighted
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w) The former adapts to pixel similarity for
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edge preservation, which is controlled by range variance
o2, And the latter provides a spatial smoothing window.
If the spatial weights are all equal, it will degenerate to the
Yaroslavsky filter. On the other hand, it will evolve to the

NLM if w; ; is defined by patch similarity:
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where {y;1|b € B} forms the patch at position :.

Filtering based on range-weighted similarity is effective but
lacks of theoretical basis. For understanding its mathemat-
ical properties, several previous works studied their con-
nections to other classical methods, such as mean shift [1],
anisotropic diffusion [3] and Bayesian approach [8, 16], and
thus found improvements on the neighborhood filters. How-
ever, these connections were unable to provide further in-
formation to infer the range variance o2 directly from the
observed data.

In contrast, without reasoning the properties statistical tech-
niques have been adopted to estimate the parameters indi-
rectly using the basic observation model

y=z+n, (3)

where n is additive Gaussian noise. The 2 test was used
to choose the parameters for the NLM filter in [11]. The
Stein’s unbiased risk estimate (SURE) [22] can provide un-
biased estimation of the mean squared error (MSE) from
noisy and filtered images. Thus many parameter combi-
nations can be tested, and the one giving the smallest esti-
mated MSE can be selected. Though accurate, the complex-
ity is quite high because each combination needs to filter the
whole image separately.

Contribution. In this paper, we build a unified empirical
Bayesian framework to both infer the neighborhood filters
and estimate their range variance. We first introduce a novel
neighborhood noise model. It reasons the range-weighted
formulation using maximum a posteriori (MAP) estima-
tion via a soft-edge prior and infers the filters using max-
imum likelihood (ML) estimation on different likelihood
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functions. We then present an EM+ algorithm to perform
the model fitting for estimating the range variance o2 from
noisy images. From the experimental results on color-image
denoising, we show that the proposed model fits noisy im-
ages well and estimates o2 as accurate as SURE does. The
advantage over SURE is also shown both computation-wise
and quality-wise when considering a proposed recursive fil-
tering scheme. We also believe that this framework can be
extended to other range-weighted algorithms for deeper the-
oretical understanding and better parameter estimation.

2. Related Work

Joint filter/parameter inference. In [21], a wavelet-
domain denoising algorithm was developed with the as-
sumption that the latent image z is Gaussian scale mixtures
(GSM) [26]. The adaptive parameters can then be statis-
tically inferred from the neighborhood. If detailed camera
information is available, [13] can perform noise estimation
and removal automatically. Not surprisingly, these filters
are different from the range-weighted ones. The PLOW fil-
ter [4] is equivalent to the NLM filter plus a residual filter.
Although the residual filter is based on the covariance ma-
trices inferred from geometric clusters, the range variance
was still given in a heuristic way. In this paper, we target
the joint inference for neighborhood filters.

SURE-based parameter estimation. The SURE-based
method gives the state-of-the-art accuracy for parameter es-
timation, and it is basically applicable to any parameter. It
needs to estimate the noise variance first, and one popular
method is by median absolute deviation (MAD). It has been
applied to the bilateral filter for grey [18] and multispec-
tral images [19] and also to the NLM filter [24, 25, 5]. A
fast implementation for the bilateral filter was also proposed
in [12], but several passes of filtering were still required.
For the SURE-based method to work well, two conditions
should be met: the Gaussian noise assumption and a differ-
entiable filter kernel on the noisy image y. In this paper, the
model fitting itself is only able to estimate the range vari-
ance. However, we will show its applicability to two cases
in which the SURE-based method would fail. One is re-
cursive filtering for which the noise is no longer Gaussian.
The other one is for the NLM filters which use motion es-
timation to select candidate patches such that the kernel is
dynamic and thus indifferentiable on y.

Image denoising. Several types of approaches have been
studied, including local-based [28, 23], transform-based
[21, 27], nonlocal-based [2, 4], and sparsity-based (e.g.
BM3D [7], NLSM[14] and WNNM[9]). The last one
showed superior image quality recently, which was based
on grouping with patch similarity and optimization for
sparse representation. However, the parameters are mostly
given heuristically. Besides, they were often proposed and
optimized for grey images, and additional modification is

required to support color channels. In contrast, our method
can work on multi-channel signals directly.

3. Noise Model and Bayesian Inference

We will first propose a novel noise model and infer the
Yaroslavsky filter directly from it. By modifying the likeli-
hood function to improve the robustness of estimation, we
will then infer the bilateral filter and a modified NLM filter.

3.1. Neighborhood noise model (NNM)

For a latent k-channel signal z; at position [, we formu-
late its neighbors y;ca, by GSM to model localized inten-
sity edges using soft decisions:

yi=2z+——, 4)
where n; ; are additive white Gaussian noises (AWGN) of
covariance matrix 021y and wy,; = 1 as the basic model.
For the neighboring pixels, a smaller w;; means a more
widely distributed y;, so there is more likely an edge be-
tween positions [ and i. Otherwise, smooth texture will be
inferred if w; ; is close to one. To infer the Gaussian range-
weighted kernel in (1), w; ;- are defined as white hidden
variables of a prior with two parameters € and o

1
fw(w;QQ) = N(e a) w—k/?,w—aweaw, w e [6, 1]7 5)
where N(e, ) = f: w k2= e® dy for normaliza-

tion, o will link o2 to of, and non-zero € can guarantee the
convergence of the integration for k£ > 3.

3.2. Inference for Yaroslavsky filter

Given observed data y;, we have the posterior ®; o

Py z1) [ica, im0 P(Yilwiis 1) fu(wi). Tts energy func-
tion L; can then be derived:

2 2
91 Wiigy; k
Li= 305+ Y~y —logwd, —log fu(wis), (6)
il

where g2, £|| z; — y; ||3. The estimation for w;; and z
can be derived by minimizing L;:

2
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The Yaroslavsky filter is then equivalent to the first-iteration
estimation for solving this fixed-point problem with an ini-
tial condition zl(o) =Yy

The NNM estimation (7) and (8) can be further interpreted
into two sequential steps respectively:
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1. Independent MAP estimation for each w; ; by maxi-
mizing p(y;|wi ;;2;) fu (wi ;) when given a fixed z;;

2. ML estimation for z; by optimizing the likelihood
2 wy g7 .
L.(z) = zg% + Zi# ’2‘;’;“’ when given fixed wy ;.

By modifying the likelihood function in the second step for
considering proximity and patch similarity, the bilateral and
NLM filters can be derived respectively as follows.

3.3. Extension for bilateral filter

To consider proximity in a nonparametric way using the
Gaussian weighting kernel d; ;, the locally weighted maxi-
mum likelihood (LWML) [15] can be applied to the likeli-
hood L, to have the pseudo likelihood function

~ wy lg i
Lolm)=dii- 525+ dii-— 5" )
il

= 0 gives the same
formulation as the bilateral filter.

3.4. Extension for NLM filter

The corresponding NNM for each latent pixel in a patch
{Zi+5, b € B} and its neighborhood A;yy is as defined in
(4). The first-iteration MAP estimation for each soft-edge
variable then gives

2
~ Iyigp—Yitollz

Witpith = € 207 L1 e AN (10)

Let the column vectors of the latent patch and the observed
patches be Z; and Y;cp. They are formed by cascading
Z;+p and y; 1 respectively in a predefined order Y for b €

B. Then the partial likelihood from Y; becomes
L(Z;Y;) = G(Zi; Y3, 20,), Y

where G(-; u,3) is a multivariate Gaussian function, and
the diagonal entries of 3J;; are formed by cascading

diag(— - Ik) in the predefined order Y. The entries out-
side of the dlagonal have no effect on the following deriva-
tion.

For NLM filtering, one observed patch Y; has only one
summation weight 1, ;. Thus we use a patch-based like-
lihood function to approximate (11), which is devised as

2

5 g
E(Z“Yi) , W

Since these two likelihood functions both behave like prob-
ability density functions (pdf), we choose W; ; by minimiz-

ing the Kullback-Leibler divergence (KLD) between them:

DNLIL{ = DKL(,C || ﬁ /ﬁlog le, (13)
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Then the ML estimation for the combined patch-based like-

lihood functions ), » L(Z;;Y;) becomes
ien, Wii - Y5
7, - Zien W Yo (16)
ZiEAl lei

which suggests a modified NLM (MNLM) filter with the
coefficients W; ; in (15). Note that W ; is the harmonic
average of w44 i+p, While the conventional NLM uses the
geometric average as shown in (2).

4. Model Fitting and Parameter Estimation

In the following, we will first introduce how to build
a robust observation model in chi scale mixtures and then
how we fit the model using an expectation-maximization-
plus (EM+) algorithm.

4.1. Observable chi scale mixtures (CSM)

Let s;; 2|l y1 — i ||2. It is independent of z; and with
the CSM formulation:
wy; + 1
515 =0 : Ui, ULi ™~ Xks 7
wy i

where v, ; is a chi distribution with k& degrees of freedom.
For simplicity, we use s = s;; and w = w ; in the follow-
ing. The marginal pdf of s can be derived by

1
fu(siore,a) = / Fou(s,wio,e,a)dw,  (18)

1 sh—1g—k

T(e, ) (w + 1)

_w s2

e w27 aweaw7 (19)

fs,w =

where fs,, is the joint pdf of s and w, and T'(¢,a) =
2310 (k/2)N (e, ) for normalization.

Fig. | shows how the soft-edge prior f,,(w) and the CSM
pdf f<(s) behave with different o and €. f,,(w) represents
how likely intensity edges appear, i.e. more small w for
more edges. For smaller « or €, f,,(w) tilts more to the
left and f;(s) has a longer tail such that more edges are ex-
pected. For larger « or €, f,,(w) concentrates more on the
right, and f(s) gets closer to a chi distribution. Thus we
can model noisy images by varying « and e to fit different
image properties and varying o for different noise intensity.
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Figure 1. Distributions of the soft-edge w and the observable chi
scale mixtures s with different values for o and € (k = 3).

Another advantage to define s in /2-norm is its robustness.
When the components of y; are not independent in the ob-
served color space, e.g. RGB, we may apply an orthogo-
nal transform to diagonalize their covariance matrix X, for
decorrelation. However, since the [2-norm is invariant to
the orthogonal transform, we can calculate s (and w) in the
observed color space without performing the decorrelation.
Thus the model fitting (and the filtering) can be applied on
the observed y; directly without loss of optimality.

4.2. EM+ algorithm for CSM fitting

Given an observed data set S, its empirical distribution
is defined by P(s € S). Then we estimate the correspond-
ing pdf fs(s) by iteratively updating the model parameters
based on P(s). Assume in the previous iteration the esti-
mated parameters are o, o, and €. Our EM+ algorithm up-
dates them to &, &, and € through the following three steps:
EM update, KLD update, and Quasi-Newton (QN) update.

4.2.1 EM update: (o, a,€) = (6, d,¢€)

For simplicity, we will ignore the o, o, and € in fs,, and
fs if the parameters in the previous iteration are used. The
expected value of the log likelihood function can be derived
as Q(6,alo, o) = 37, P(s5)q(sj, 0, &|o, o) where

1
q(s,&,d|a,a):/ p(w|s)Lrr (6, &, 6w, s)dw, (20)

P(w|8) = fs,w/fsa ACEJW = 1Og fs.,w(saw;&a@d) (21)

0Q _ 0Q _
Set 55 = 54 =

0 to have the EM update for & and &:

1 ,

. 1 [ fsw(sj,w)s? -4 dw

6% =2 Y Pls)) 2P T ()
J

fs(55)
fel fs»w(sjv U))U)(]_ —log U/) dw
fs(s5) ’

(23)

H@e) =3 P(sy)

where H(d&,€) £ Ey.a.c[w(l — logw)] and it is an in-
creasing function with respect to & because OH/d& =
Var,.4,Jw(l — logw)] =2 0. Thus the corresponding &
can be found quickly using a bisection search on H (&, €).

4.2.2 KLD update: (5,d,¢) = (5,4, €)

The EM algorithm is unable to update € because the sup-
port of w for p(w|s) and Lgs in (20) should be the same.
Instead, we update it by optimizing the approximate KLD
D =3, —P(s;) - log 258 With 22 = 0, a fixed-
point representation of the optimal e can be derived. And we
use the first-iteration result with an initial condition é(*) = ¢
as our updating formulation:

e

. k k—1~r—Fk A
E+1\?2 S To Ve et1252
< € > :ZP(Sj)' ﬁjl k — - @D
22 F(i)fs(Sj;U,QOé)

J

4.2.3 QN update: (6,4,¢€) = (7,4, €)

The update formulations in (22), (23), and (24), require nu-
merical evaluations for lots of integrals, which prolongs the
execution time for one iteration. Besides, we found that
the update step sizes are usually small near the optimizing
point, which increases the number of iterations. Thus the
above updates take a long time to converge in many cases.
We adopt the QN method, QN1 in [10], to accelerate the
fitting process. Let 8 = (o,a,6)T, 8 = (6,4,6)T, 0 =
(5,&,6)T, and F(0) = () — 0. The QN1 method solves
F(#) = 0 by maintaining a matrix A which approximates
the inverse Jacobian matrix Jg ! and is updated using the
Broyden’s update method. Then the QN update is derived
by 8 = 6 + & where

5=—A-F(0). (25)

However, in practice the QN update could be unstable when
A has a high condition number. Some heuristic, e.g. reini-
tializing A, is required in this situation. We choose to con-
fine @ in a reasonably large range W for its quick conver-
gence. When 0 is out of ¥, we will directly set d to F(0)
as the original EM/KLD update and may further scale down
its value to make @ inside W if necessary.

4.3. Discriminative capability of KLD

The fitting quality relies on the discriminative capability
of KLD between different parameters. Fig. 2 shows the
KLD discrimination of f,(s) for K = 3 when « has a small
change Aa = 0.5 and when € increases by Ae = 0.005. It
is clear that the discriminative capability declines as « or €
increases. For sufficiently large « or €, f4(s) is very similar
to a chi distribution and KLD becomes insensitive to the
parameters. Therefore, some upper bounds for o and € may
be chosen without compromising KLD.
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5. Application in Image Denoising

For the inferred filters, each neighborhood can be viewed
as a realization of the NNM. Thus the CSM model fitting
can provide parameter estimation. In the following, we will
apply this approach to color-image denoising (k = 3).

5.1. Parameter estimation

Before model fitting, we need to derive the empirical dis-

tribution P(s). For the Yaroslavsky filter, we have a fixed
neighborhood A; for each pixel, and P(s) can be simply
obtained by accumulating the histogram of all s; ;. For the
bilateral filter, we construct its P(s) by accumulating the
histogram with the spatial weight d; ; to consider proxim-
ity. For example, the frequency of s = 2 will be increased
by d;; for an event s5;; = 2. For the MNLM filter, we
consider a dynamic neighborhood A; which may depend on
patch similarity sorting or hard thresholding for better per-
formance. In this case, we need to do the computation to
derive A; and then accumulate the histogram of ;44 ;1.
Given P(s), we perform the CSM fitting using the EM+
algorithm and select the final result based on the KLD cal-
culated for P(s) and the estimated distribution P(s; 0™)
in each iteration. Besides, we also devise an e-bounded
estimation to handle the KLD insensitivity issue. It is ac-
tivated when € is close to a given upper bound €4, i.e.
le —epa| < Ae. Since the sensitivity of KLD becomes small
when € is near €4, we can directly compare KLD through
€ = €pq UsSing a bisection search on «. For each a, the o-
update (22) which converges very quickly is used to find the
best corresponding o and KLD.
The algorithm parameters which are fixed in this paper are
as follows: maximum fitting iteration M = 15, initial CSM
parameter 6;,; = (*3<,3, 10~3) where $,,4 is the mode
of P(s), e-bound criteria Ae = 1073, and parameter range
U = {0lc =2 107°,a € [3,15],€ € [107°, €pq]}. The con-
vergence condition is that the KLD is smaller than 10~ or
o2 changes by less than 0.1%. Note that ¥ is used to avoid
unstable QN updates and is defined sufficiently large such
that only seldom final results touch the boundaries. The
only exception is €,y which can be used to activate the e-
bounded estimation.

5.2. Recursive local filter

It is shown that the conventional Yaroslavsky/bilateral
filter is equivalent to the first-iteration MAP/ML estima-
tion. Simply applying more iterations with the same o2 in-
deed reduces the energy function (6) but does not help for
increasing PSNR. Instead, we propose to apply the model
fitting and filtering recursively. Each iteration estimates
the NNM parameters for the current noisy image y(") and
performs filtering on it with the estimated range variance

&,2- (m). This process is terminated when the filter iteration

exceeds M times or the estimated noise intensity &0m) ig
smaller than a threshold o.; which represents a clean image.

5.3. Recursive MNLM filter

The proposed recursive MNLM filter has three differ-

ences from the recursive local one. First, the basic process-
ing unit becomes a patch, instead of a pixel, and a flag b,
decides how to aggregate these patches into one image. If
by = 1, each image pixel at position [ will be derived by
averaging all its corresponding values in neighboring esti-
mated patches Xz+b, b € B. Otherwise, no aggregation will
be performed. Second, the neighborhood for each patch is
constructed dynamically based on some given constraints.
Third, a DCT-Wiener filter is introduced to increase the per-
formance, which is activated by a flag bg.;.
The DCT-Wiener filter serves similarly as the residual filter
in PLOW. We use the DCT, denoted as 7 (+), to approxi-
mate the decorrelation matrix and then apply element-wise
Wiener filtering to update the patch X

X T H(Waie 0 T(X))), (26)
where the element of the shrinkage matrix W ;. is

~2
OX,i’j’k?’

P B (27)
Ug{,i']"k' + ‘712

(Waie)iris =

and the signal variance is estimated from neighbors by
5% v = Bien [(T(Y[™))2 ;1] = 520" and the noise

variance by 67 = due to weighted averaging.

Zi eng Wi
The recursive MNLM filter is summarized in Algorithm 1.

Algorithm 1 Recursive MNLM Filter
Input: Noisy image y; e-bound €,4; DCT-Wiener flag bgc:;
Aggregation flag b,
Output: Denoised image z
I: Initializey) =y, z=y,m=1
2: repeat
3: Get empirical P(s) of (") by constructing each A;

4: Get 5™, 6(™) using parameter estimation
5. if (6™ > g,) then
6: for each patch Y; in y(™) do
N WY
7: Get the estimation X; = Zign Wi X

Eie/\l Wi
Perform DCT-Weiner filtering with by,
9: end for

10: Aggregate X; to form z(™) with bag
11: gyt 2 g z0m)

12: end if

13: m+—m+1

14: until (m > M) or (60 < o)
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Figure 2. KLD discrimination (kK = 3) on (a) « and (b) €, where
Daala,e) 2 Drr(fs(s;o,6,a) || fs(s;0,6,a + Aa)) and
Dacla,€) 2 Drr(fs(s;o,6,a) || fs(s;0,¢ + Ae,a)). Note
that o affects only the scaling and has no effect on DA, and Dae.

(a) 10g10 Dpra=05

6. Experiments on Model Fitting and Filtering
6.1. Parameter setting
Six filter configurations are tested:

1. YF-5x5: Yaroslavsky filter, A: 5x5, e, = 0.1/1.0;
YF-9x9: Yaroslavsky filter, A: 9%9, ;¢ = 0.1/1.0;
BF-9x9: Bilateral filter, A: 99, €, = 0.1/1.0;
BF-13x13: Bilateral filter, A: 13x13, ;¢ = 0.1/1.0;

A

MNLM-Simple: MNLM filter, €,q = 0.1, bget = 0
(DCT-Wiener off), b,y = 0 (no aggregation);

6. MNLM-DCT: MNLM filter, €;,4 = 1.0 (e-bound off),
bget = 1 (DCT-Wiener on), by, = 1 (one-pixel grid).

Two settings of ¢4 are tested for local filters. The basic
erd = 1.0 simply follows the definition in (5). In contrast,
the empirical €, = 0.1 will use the e-bounded estimation
for large e. The spatial weight of bilateral filters o is set to
the radius of A, e.g. o4 = 4 for A = 9x9. The patch size for
the MNLM filter is 9 x 9. For constructing MNLM neigh-
borhood, we apply motion estimation in a 31 x 31 search
window around position [ and choose the best ten candi-
dates as A;. For filter termination, the maximum iteration
number M, is set to 3 and 02 set to 10.

To obtain the best o2 and the SURE estimation for compar-
ison, we perform a o2 scan (30 values) from o = 0.5 to
25.0 for each test condition. The SURE-based method uses
the noise variance o3 , , estimated by MAD as done in [4]
and is denoted as MAD+SURE. Twelve standard color im-
ages of different properties are used in our experiments with
AWAGN of five different intensity values of o,,.

6.2. Yaroslavsky/Bilateral filter

Fig. 3 shows one typical example of the test results. The
results for other test filters and test images can be browsed
online!. The CSM model can fit the long-tailed empirical

distributions well no matter when the noise is small or large.
It also successfully predicts that o should become larger
as the noise intensity o,, increases, while the conventional
heuristics usually apply a fixed value.

Table 1 lists the result of BF-9x9 (e, = 0.1) in de-
tail. MAD+SURE fails in two cases. One is for small o,
(e.g. 0,=5, lst iteration) due to the inaccuracy of o3, 4 -
The other one is for iterations after the first iteration (e.g.
0,=50, 2nd iteration) because the noise is not Gaussian any
more. In contrast, the CSM estimation performs well in
terms of both PSNR and o2 accuracy in these two cases.
It means that the edge information can be well captured
by the CSM model even when the noise is small or be-
comes non-Gaussian. This useful property also enables
the proposed recursive scheme. Besides, in other cases
the CSM estimation shows similar performance compared
to the MAD+SURE. An interesting property can also be
found. The CSM estimation usually underestimates the
noise variance o2, which means it may mistake noises for
edges. In contrast, the MAD+SURE tends to overestimate
because the MAD may mistake edges for noises.

The execution time is also shown in Table 1. The proposed
method runs much faster than the MAD+SURE since it does
not require a o2 scan. Each iteration of it consists of three
steps: getting P(s), CSM fitting, and filtering. The first and
third steps take time proportionally to the image resolution
and filter support size (7.9 s and 6.5 s on average respec-
tively). In contrast, the fitting time depends on the EM+
iteration numbers and whether the e-bounded estimation is
turned on. For larger noises, the fitting tends to be insen-
sitive to KLD, and thus more time is required, e.g. 9.6 s
on average for o, = 50 (Ist iteration) while only 3.5 s for
o, = 5. The percentage of the fitting time will be smaller
for larger images. Note that MAD+SURE not only fails to
predict in the recursive iterations but also requires signifi-
cantly higher computation complexity due to the o2 scan.
The test results of Yaroslavsky and bilateral filters are sum-
marized in Table 2. For ¢, = 0.1, the CSM estimation
performs comparably to the SURE in the first iteration for
large o, and outperforms for small o,,. Moreover, the pro-
posed recursive fitting and filtering can increase PSNR by
up to 1.2 dB. As for €4 = 1.0, its first-iteration results are
not as good as €,q = 0.1 for its less accurate Uf estima-
tion and higher KLD (due to KLD insensitivity). However,
the recursive filtering can recover its quality drop and even
make it slightly better than ¢, = 0.1 with a little more
iterations. Therefore, the basic €;,4 = 1.0 gives slightly bet-
ter quality when using recursive filtering, but the empirical
€pq = 0.1 may be preferred when only one or fewer itera-
tions are allowed. The choice of o2 affects the performance
much more sensitively than that of A and d; ;, which also
justifies the need of a good o2 estimator.

Ihttp://www.ee.nthu.edu.tw/chaotsung/nnm
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Figure 3. BF-9x9 (e,q = 0.1) for Lena with o, = 5, 20, and 50. The top row shows the model fitting of empirical distributions. The
bottom row presents the filtered results, where the best o2 is marked by a circle, CSM estimation by a cross, and MAD+SURE by a triangle.

Table 1. Detailed result for BF-9x9 (e,4 = 0.1). APSNR is calculated by comparing the PSNR to the best result derived by the o2 scan,

. . . . o o,.—0 . . . .
and so as Ao? which is presented in form of relative percentage, i.e. ’027“’”’ The execution time is evaluated by running MATLAB on
r,best
a 3.4 GHz CPU (single-thread).
0,=5, Ist iteration 0,=20, 1st iteration
Image Best CSM Fitting MAD+SURE Best CSM Fitting MAD+SURE
2 2 . 2 . 2 ..
PSNR 0,2 o2 « KLD APSNR Ag,“  time oaan APSNR  Ac,* time ||PSNR 2 52 « KLD APSNR Ao,“ time o APSNR Ao, time
(dB) (dB) (rel.) (sec) (dB) (rel.) (sec) (dB) (dB) (rel.) (sec) (dB) (rel.) (sec)
Lena 374 17| 322 53 00034 -02 45% 16.1| 528 -1.6 303% 2640 || 30.9| 3812[341.1 7.4 0.0011 -02 -34% 17.8]4488 -0.2 46% 251.8

Baboon | 35.0 98 70.5 3.0 0.0059 -0.8 115% 17.0| 193.8 -53 949% 297.2 || 26.3| 1725 |381.2 3.3 0.0011 -0.2 -27% 17.9|646.2 -0.8 109% 325.9
Barbara | 37.3 130 262 3.8 0.0011 -0.1 -24% 224 71.8 -1.9 298% 519.3 || 28.7 | 2356 | 326.8 4.6 0.0009 -0.4 -37% 24.8|501.5 -0.3 55% 548.1
Peppers | 36.7 92 404 5.7 0.0035 -0.7 149% 15.0 619 -2.1 539% 304.4 || 30.7| 4384|3398 7.0 0.0020 -0.3 -45% 1794488 -0.1 27% 298.6
F16 38.8 134 247 55 0.0040 0.0 2% 138 443 -1.1 202% 329.0|| 31.3| 3526 | 3155 6.5 0.0024 -0.6 -42% 16.7|448.8 -0.1 46% 289.4
House 37.7 106 292 56 0.0042 0.2 54% 5.9 443 -1.2 208% 89.7|| 30.8| 3537 (316.5 63 0.0043 -05 -43% 7.6(4488 -0.1 46% 73.4
Kodim04 | 38.7 127 280 52 00113 0.0 15% 19.2 443 -1.0 147% 4829 || 31.0| 3280 | 347.2 8.1 0.0008 -0.1 -14% 25.44235 -0.1 37% 480.9
Kodim08 | 37.3 127 31.1 39 00116 0.0 -5% 21.7| 1187 -3.1 428% 4685 || 27.9| 2101 | 332.7 43 0.0017 -0.3 -31% 25.6|586.1 -0.5 77% 4812
Kodim13 | 36.8 131 413 35 0.0224 0.0 10% 234 1465 -4.1 468% 4858 (| 27.4| 2023|3732 4.8 0.0009 0.0 -11% 25.0|6158 -0.8 106% 478.6
Kodim19 | 38.5 133 267 52 0.0088 0.0 5% 183 52.8 -1.4 159% 4400 || 29.9| 2744|3209 6.0 0.0018 -0.2 -30% 22.1|4748 -0.1 31% 458.6
Kodim22 | 38.0 124 304 48 00158 0.0 17% 21.3 52.8 -1.4 174% 4342 (| 29.9| 2860|3529 7.5 0.0008 0.0 -8% 23.6|448.8 -0.1 38% 444.5
Kodim23 | 40.3 180 25.0 6.5 0.0065 0.0 -10% 20.2 36.6 -0.7 127% 4373 || 32.8| 4792 |327.5 8.4 0.0014 -0.4 -43% 23.7)|423.5 -0.1 24% 442.6
Average | 37.7 | 125 33.8 4.8 0.0082 02 31% 17.9 76.7 -2.1 334% 379.4 || 29.8 | 3095 [339.6 6.2 0.0016 -0.3 -30% 20.7 [492.9 -0.3 53% 381.1

0,=50, 1st iteration 0,=50, 2nd iteration
Tmage Best CSM Fitting MAD+SURE Best CSM Fitting MAD+SURE
2 2 2 2
PSNR 0,2 o2 « KLD APSNR Ag,“  time o APSNR  Ag,“ time ||PSNR o2 o2 « KLD APSNR Ag,*  time ran APSNR A~ time
(dB) (dB) (rel.) (sec) (dB) (rel.) (sec) (dB) (dB) (rel.) (sec) (dB) (rel.) (sec)
Lena 26.6 [ 55409 | 2216.3 14.3 0.0018 -0.2 -43% 20.1(2523.7 0.0 0% 295.7 || 27.5 439 | 30.0 53 0.0106 -0.1 -64% 13.1| 239 -09 -97% 3144

Baboon | 21.6|17733 |2459.3 104 0.0020 -0.1 44% 22.8|28369 -0.2 79% 330.6|| 21.5 69| 498 44 00134 -0.1 213% 134| 502 0.0 -64% 352.2
Barbara | 23.7|25776 | 2306.5 11.8 0.0014 0.0 5% 27.3(2646.8 -0.1 62% 475.0|| 24.0 159 | 351 42 00072 00 -8% 223| 38.1 -02 -89% 5153
Peppers | 26.1 46991 | 2181.2 11.9 0.0018 -0.3 -45% 20.5(25849 0.0 16% 306.9|| 27.2| 698 38.6 53 00091 -0.2 -70% 154 33.0 -12 -97% 292.0
Fl6 25.8 138353 | 2120.4 10.4 0.0018 -0.3 -42% 20.4(2523.7 0.0 10% 307.5|| 27.0| 561 | 435 5.6 00083 -0.2 -57% 153 | 41.6 -12 -96% 308.7
House 25.6 139298 | 2172.6 10.8 0.0042 -0.2 -40% 11.8[2584.9 0.0 19% 72.8|| 268 | 586 40.0 53 00072 -0.2 -64% 6.1| 396 -12 -97% 73.7
Kodim04 | 26.6 | 54958 | 2198.3 14.3 0.0015 -0.2 -43% 26.5|2523.7 0.0 0% 4579 || 27.5| 410| 31.7 6.0 0.0132 -0.1 -54% 21.4| 224 -09 -96% 464.8
KodimO8 | 22.1|16971 | 2093.8 6.0 0.0018 -0.2 -26% 25.5(2772.8 -0.1 38% 454.7|| 229| 668 | 98.8 4.5 0.0085 0.0 -33% 24.3|154.7 -0.7 -93% 477.4
Kodiml13 | 22.2|17463 | 2154.5 7.2 0.0016 0.0 -12% 29.8(2772.8 -0.1 38% 434.1|| 22.7| 319 782 49 0.009 0.0 19% 22.7|101.6 -0.4 -83% 4549
Kodim19 | 24.3 27073 | 2098.1 89 0.0015 -0.1 -31% 29.6(2584.9 0.0 13% 464.3|| 252 419 547 58 00082 0.0 -24% 209| 56.8 -0.8 -93% 4458
Kodim22 | 25.6 | 43316 | 2186.0 12.6 0.0015 -0.1 -37% 25925849 0.0 26% 494.0|| 262 320 374 6.0 00123 0.0 -30% 19.8| 28.8 -0.6 -94% 430.4
Kodim23 | 27.2|52888 | 2115.5 12.2 0.0017 -0.4 -51% 28.3|2523.7 0.0 0% 4462 || 28.6| 709 392 6.6 0.0127 -0.2 -64% 23.6| 29.7 -1.6 -97% 459.3
Average | 24.8 (36352 |2191.9 10.9 0.0019 -0.2 -27% 24.0 12622.0 -0.1 25% 3783 || 25.6 | 446 | 481 5.3 0.0100 0.1 -20% 18.2 | 51.7 -0.8 -92% 382.4

6.3. MNLM filter ation, and the CSM estimation can track the o2 well for dif-
ferent o,, and in different iterations. The recursive MNLM-
The test results are summarized in Table 3. The MNLM- Simple filter can increase PSNR by up to 3.9 dB. On the

Simple is directly inferred from the patch-based NNM vari- other hand, the MNLM-DCT can provide better PSNR due
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Table 2. Summary for Yaroslavsky/Bilateral filters. The numbers
represent the corresponding averages for the twelve test images.
APSNR here is calculated by comparing the PSNR to the best
first-iteration result. | Ac?| presents the relative percentage of ab-
solute difference. m stands for the average number of iterations.
The results of e, = 0.1/1.0 differ only for o, = 40/50.

Recursive filtering

Ist iteration

Best CSM Fitting MAD+SURE CSM Fitting

. | PSNR|KLD APSNR |Ac,%| [APSNR|AGZ|[ APSNR

" @) | x10h @B el) | @B) (el | ™ dB)

€bd €pa  €pd  €pa  €bd  €pa €bd €pa  €bd €pa

01 10 01 10 01 10 01 10 01 1.0

51 375 79 -0.2 51% 2.0 377%| 1.0 -0.2

YF 10| 334 15 -0.1 16% -0.8 133%| 1.1 -0.1
5x5 20( 295 1.4 -0.2 25% -03  57%| 2.0 0.5

40( 254|15 2.0 -02 -0.6 30% 43%| -0.1 31%|2.3 2.8 09 1.0
50] 241 (15 1.7 -01 -0.7 31% 51%| 0.0 23%[2.6 3.0 1.1 1.2

51 375 88 -0.5 76% 2.0 300%| 1.0 -0.5
YF 10| 334 23 -0.1 32% -0.8 133%| 1.2 -0.2
9x9 20( 295 1.3 -0.1 19% -03  52%| 2.0 0.3
40| 256|1.1 1.4 -0.1 -02 22% 28%| -0.1 22%(2.1 2.1 0.6 0.7
50 24509 1.1 -0.1 -04 20% 34%| 0.0 23%|2.1 2.1 0.6 0.8
5| 3717| 82 -0.2 38% 2.1 334%| 1.0 -0.2
BF 10| 33.7 1.7 -0.1 18% -0.8 127%| 1.2 -0.1
9x9 20( 29.8 1.6 -0.3 30% -03  53%| 2.0 0.4
40| 259|119 24 -03 -0.7 35% 45%| -0.1 30%(22 22 0.7 0.7
50 248]19 22 -02 -1.1 35% 56%| -0.1 25%|22 3.0 0.7 09
51 377 8.9 -0.3 64% 20 309%| 1.0 -0.3
BF 10| 33.6 1.9 -0.1 21% -09 128%| 1.2 -0.1
20| 29.7 1.6 -0.1 22% -0.3  48%| 2.0 0.3
13x13

40( 259|14 1.7 -02 -04 25% 32%| -0.1 25%|2.1 2.1 0.7 0.7
50] 247(12 15 -0.1 -0.6 26% 39%| 0.0 22%|2.1 2.1 0.6 0.8

to the use of DCT-Wiener filtering, and it also terminates
earlier. Though less accurate, the CSM fitting still provides
good estimation of o2 for it. Note that the MAD+SURE
cannot be applied here because the neighborhood is dynam-
ically derived. For comparing the conventional NLM and
MNLM, we also tested NLM in form of (2) using a o%
scan. Its best PSNR differs by less than 1% compared to
MNLM-Simple, which indicates NLM and MNLM have
similar performance.

Two state-of-the-art denoising algorithms, CPLOW [4] and
CBM3D [7] (’C” stands for the versions for color images),

are also tested for comparison. The MAD-derived noise
variance o3, is used for them, and all other parame-
ters are set as default in the software provided by their au-
thors. The CBM3D performs best due to the processing
in sparse representation and the good heuristic parameters.
Our MNLM-DCT outperforms the CPLOW, though shar-
ing a similar flow. Besides the CSM parameter optimiza-
tion, one other reason is that the CPLOW processes color
channels separately while we consider all channels jointly.

7. Conclusion

In this paper, we propose and study a unified framework

which can both infer the neighborhood filters and estimate
the range variance. With the neighborhood noise model, we
show that the Yaroslavsky, bilateral, and MNLM filters can
be derived by joint MAP and ML optimization. We also
present an EM+ algorithm for parameter estimation via fit-
ting the observable CSM. The experimental results on color-
image denoising show the effectiveness. The noisy images
can be fit well and the range variance can be tracked as ac-
curate as the multi-pass SURE-based method. Moreover,
the CSM fitting also works for filtered images, and this en-
ables a recursive filtering scheme and improves PSNR.
The proposed framework can be used to build efficient
filters for different constraints automatically, instead of
heuristic tuning. It can also be expected that it will be ap-
plied to other range-weighted algorithms by formulating the
corresponding likelihood functions. Therefore, we believe
that it will help many computer vision problems be solved
in an empirical Bayesian way, instead of an intuitive way.
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Table 3. Summary of test results for MNLM filters. APSNR; and APSNR are relative to the first-iteration and the second-iteration best
PSNR respectively. The case of |Ac?| is similar. The results of CPLOW and CBM3D are given for reference.

MNLM Ist iteration 2nd iteration Recursive filtering
-Simple | Best CSM Fitting Best CSM Fitting CSM Fitting

o, PSNR | /o APSNR, |Aa,2|,[ PSNR KLp APSNR, |Ac, 2|, 7 APSNR; PSNR

(dB) (dB)  (rel) | (dB) (dB)  (rel.) (dB) _ (dB)

5 36.5] 0.0047 -02 38% 14 03 362

10 32.5] 0.0008 0.2 29% 1.3 -02 323

20 28.5(0.0005  -0.1  20%| 29.8| 0.0048
40 23.9 | 0.0002 0.0 39%| 26.6 | 0.0015
50 22.2 | 0.0002 0.0  51%| 25.5| 0.0008

-0.03  22%| 2.3 1.3 298
-0.04  29%| 3.0 32 271
-0.03  34%| 3.0 39 26.1

10 34.8 1 0.0008 -0.3 131%
20 31.6 | 0.0012 -0.2 81%

MNLM Ist iteration 2nd iteration Recursive filtering || CPLOW [ CBM3D
-DCT | Best CSM Fitting Best CSM Fitting CSM Fitting -MAD | -MAD
PSNR APSNR, |Ag, 2| | PSNR APSNR, |A,%|| — APSNR, PSNR || PSNR | PSNR
On (dB) KLD (dB)  (rel) | (dB) KLD (dB)  (rel.) " (dB)  (dB) (dB) (dB)
5 37.6| 0.0047  -03 330% 1.0 -03 373 33.6 37.1

1.0 -03 344 31.8 34.7
1.0  -02 313 29.6 32.0

-0.01  62%| 2.0 05 28.6 27.2 29.2
-0.02  60%| 2.0 0.7 277 26.4 28.3

40 28.1(0.0003  -0.1 47%| 28.6| 0.0107
50 27.0 | 0.0004  -0.1  57%| 27.7] 0.0068
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